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Terminology

* Comwutative partially ordered monoids
will be referred to as uninorws.

* Uninorms which are integral (resp.
dvally integral) will be referred to as 1-
norwms (resp. t-conorms).









What is known about
uninorms?




It T and S are
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If T and S are
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What if T and S are
only residuvated (left-

continvous)?



Q1: Structural description
Q2: Classification
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Basic Definition
Definition 1 U = (X, e , ) is called an involutive FL,-
algebra if
1. C = (X, <) is a poset,

2. @ is a uninorm over C with neutral element e,

3. forevery x € X, x —o f = max{z € X | z ez < f} exists,
and

4. for every x € X, we have (x —¢ f) —e f = .

We will call ® an involutive uninorm. It is not difficult to see that

every involutive uninorm is residuated and isotone. Therefore,
'+ X — X given by

T =1 e f

is an order-reversing involution.



Basic Definition

Definition 1 U = (X,e,<,e, f) is called an involutive FL,-
algebra if

1. C = (X, <) is a poset,

2. @ is a uninorm over C with neutral element e,

3. forevery x € X, x —o f = max{z € X | z ez < f} exists,
and

4. for every x € X, we have (x —¢ f) —e f = .

Denote

XT={zeX|z>e} and X ={recX|z<el




Overview

* Motivation beyond the algebraic
interest

* Twin rotation construction
* Complete, densely ordered chains
* Finite Chains
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Motivation beyond the algebraic interest

ann - substuctunal fuzzy logics Metcalfe Montagna pdf (page30f30) 0
DEFINITION 1. MAILL consists of the following axioms and rules:

(LI) A— A

(L2) (A—-B)—(B—-C)—(A—-0))
(L3) (A= (B—C))—(B—(A-0))
(I4) (A©B)—C) < (A— (B—C))
(L5) (AANB)— A

(L6) (ANB)— B

(L7) (A= B)A(A—0)— (A= (BAC) |

-

[17] G. Metcalfe, F. Montagna, Substructural fuzzy logics, Journal of Symbolic Logic, 72(3): 834-864, 2007. ©

(LI3) A—T

A A— B A B .
L= B (inp) 4B (o)

DEFINITION 2. Uninorm logic UL is MAILL plus:
(PRL) (A— B)At)V((B— A)At) r
]’I( w Vel B
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Motivation beyond the algebraic interest

ann  isubstructual fuzzy logics Metcalfe Montagna pdf (page 3of30) T
DEFINITION 1. MAILL consists of the following axioms and rules:

(LI) A— A

(L2) (A-B)—((B—-C)—(A—-0))
(L3) (A-(B—C))—=(B—=(A—0))
(I4) (A®B)—C) < (A—(B—())

(L5) (AANB)— A

(L6) (ANB)— B

(L7) (A= B)A(A—C))—(A—(BACQC))
(L8) A— (AV B)

(L9) B — (AV B)

(LI0) (A-C)A(B—C))—((AVvB)—C)
(L1l) A« (t— A)

(LI12) 1 — A
(L13) A—T
A4 (mp) 4 (adi)

DEFINITION 2. Uninorm logic UL is MAILL plus:
:: (PRL) (A= B)At)V((B— A)At) r
'I( W Ta . ‘
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Motivation beyond the algebraic interest

ann  isubstructual fuzzy logics Metcalfe Montagna pdf (page 3of30) T
DEFINITION 1. MAILL consists of the following axioms and rules:

(LI) A— A

(L2) (A-B)—((B—-C)—(A—-0))
(L3) (A-(B—C))—=(B—=(A—0))
(I4) (A®B)—C) < (A—(B—())

(L5) (AANB)— A

(L6) (ANB)— B

(L7) (A= B)A(A—C))—(A—(BACQC))
(L8) A— (AV B)

(L9) B — (AV B)

(L10) ((A—C)A(B—C))—((AVB)—C)
(L1l) A« (t— A)

(LI12) 1 — A
(LI13) A—T
A= (mp) A (adj)

DEFINITION 2. Uninorm logic UL is MAILL plus:
(PRL) (A— B)At)V((B— A)At)

e Involutive uninorm logic IUL is UL plus (INV) ==A — A.




Motivation beyond the algebraic interest

Logics = {UL,IUL, MTL, IMTL, G, UML, IUML}.

“| substructural fuzzy logics Metcalfe Montagna.pdf (page 4 of 30) -

e Involutive uninorm logic IUL is UL plus (INV) --A — A. 0
e Monoidal ¢t-norm logic MTL is UL plus (W) (A — t) A (f — A).
e Involutive monoidal £-norm logic IMTL is MTL plus (INV).
®
®
®

Godel logic G is MTL plus (ID) A < (A® A).
Uninorm mingle logic UML is UL plus (ID).
Involutive uninorm mingle logic IUML is IUL plus (ID) and (FP) t « f.

v
: i i . > !
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Twin rotation
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Twin rotation
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800 [5] ASUV 2011 b.pdf (1 page) = Twin rotation

Definition 4 (Twin-rotation construction) Let X; be a
partially ordered set with top element ¢, and and X5 be a partially
ordered set with bottom element £ such that the connected ordinal
sum 08.({X1, Xo) of X; and X, (that is putting X; under X5, and
identifying the top of X; with the bottom of X5) has an order
reversing involution '. Let ® and © be commutative, residuated
semigroups on X; and X, respectively, both with neutral element
t. Assume, in addition, that

1. incase t’ € X; we have x —»gt' =2’ forall z € Xy, z > ¢/,
and

2. incaset' € Xog we have z =g t' =2’ forallz € Xp, z < t'.

Denote
ng — <030(X1aX2>) e, <,t, f)

where f =t and e is defined as follows:

( TRy if:c,yEXl
TDY if z,y € Xo
. (m—>@y’)’ if:rEXg,yEXl,anda:Sy'
T =\ (yooo!y  ifzeX,yeXsade<y - 12
(y —g (' At)) ifze Xy, ye Xy,and z £ 9/
| (t—=e (W AL) fzeX,yeXs,andz Ly

Call e (resp. Uy ) the twin-rotation of ® and & (resp. of the first
and the second partially ordered monoid). /
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Twin rotatiow

TRY if z,y € X
TDyY if z,y € Xo
(.’L'—>63y,), if:z:EXg,yEXl,a.nda:Sy'
(y —a x') if x € X1,y € Xo,and z < ¢/

(y —g (2" At)) ifze Xy, ye Xi,and z £/
(x —e (Y At)) ifzeXi,ye Xo,and z £/




ey = ¢

§ 7

r

TRY

rdyY
(z—oy)

(y —e ')

(y =g (@' AL))

(@ —e (Y AL))

tatio f (D)

if z,y € X4
if z,y € Xo
iwaXz,yEXl,andey'
ifze X;,ye Xp,and z <9/
iwaXg,yEXl,andxﬁy'
if ze X1,ye Xo,and z £ ¢/

Twin rotatiow




Twin rotatiow

)

(TQ®yY if z,y € Xj

TDY if z,y € Xo
oy = < (x =g ) if x € Xo,y€ X1,and z <9/
(y —a z') ifze X;,ye Xp,and z <9/
(y—>®($,/\t)), ifxEX%yEXlaa'ndxﬁyI
L (z—e (W AL) fzeXi,ye Xq,and z £ 1/




Twin rotatiov

_ TRY if z,y € X4
1 TDyY ifw,y€X2
ey — (x =g ) if r € Xy, y€ Xq,and z < 9/
Z (y —a z') ifze X;,ye Xp,and z <9/

j (y —g (' At)) ifze Xy, ye Xi,andz L9
| (z—g (Y AL) ifzeXi;,ye X, and z £

ann [= Bnder] pdf (page 2 of 2) (&)
’ N “ AF ./
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Twin rotatiov

TRY if z,y € X

TDY if z,y € Xo
1 Tey — (x =g 1) if r € Xy, y€ Xq,and z < 9/ |
i (y—>®a:')' if:z:EXl,yEXz,ande?/ -

(y—e (' At) fzeXo,yeX,andz Ly |
(z—e (Y At)) fzeXi,yeXs,andz Ly |




Twin rotatiov

. () 7 «| Conditions (1 page —_

1. in case t’ € X; we have x —»gt' =2’ forall z € X1,z > t/, |
and ’

2. incaset’' € Xo we have x —gt' =2’ forall z € X, z < t.




800 [5] ASUV 2011 b.pdf (1 page) = Twin rotation

Definition 4 (Twin-rotation construction) Let X; be a
partially ordered set with top element ¢, and and X5 be a partially
ordered set with bottom element £ such that the connected ordinal
sum 08.({X1, Xo) of X; and X, (that is putting X; under X5, and
identifying the top of X; with the bottom of X5) has an order
reversing involution '. Let ® and © be commutative, residuated
semigroups on X; and X, respectively, both with neutral element
t. Assume, in addition, that

1. incase t’ € X; we have x —»gt' =2’ forall z € Xy, z > ¢/,
and

2. incaset' € Xog we have z =g t' =2’ forallz € Xp, z < t'.

Denote
ng — <030(X1aX2>) e, <,t, f)

where f =t and e is defined as follows:

( TRy if:c,yEXl
TDY if z,y € Xo
. (m—>@y’)’ if:rEXg,yEXl,anda:Sy'
T =\ (yooo!y  ifzeX,yeXsade<y - 12
(y —g (' At)) ifze Xy, ye Xy,and z £ 9/
| (t—=e (W AL) fzeX,yeXs,andz Ly

Call e (resp. Uy ) the twin-rotation of ® and & (resp. of the first
and the second partially ordered monoid). /
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Proposition 5

enn [ Asw20llbpdf(lpage ()
Definition 4 (Twin-rotation construction) Let X; be a

sum 0s.{X1, X2) of X; and X, (that is putting X, under X5, and
identifying the top of X, with the bottom of X;) has an order
reversing involution ’. Let ® and ® be commutative, residuated
t. Assume, in addition, that

l.incaset' € X; wehave z —gt' =2’ forallz € X,z > ¢,
and

2. incaset' € Xowehavez =gt =2' forallz € Xy, z < ?.

Denote
ug = (08c<xl,X2), ., S’ L, f)

where f = t' and e is defined as follows:

([ 2@y ifz,ye X,
0y ifz,ye Xy
_ ) ([=ay) ifze Xp,yeX,andz <y
zoy = (y = 2') ifre X),yeXy,andz <y ° (12)
(y—g (@' At)) fze Xy yeX,andz £y
| (=g (¥ AL) fze X, yeXy,andz £y

Call o (resp. US) the twin-rotation of ® and © (resp. of the first

partially ordered set with top element ¢, and and X3 be a partially |
ordered set with bottom element ¢ such that the connected ordinal |

semigroups on X; and X3, respectively, both with neutral element |

and the second partially ordered monoid).

= LT = LT T R ————— =)
1. ng in Definition 4 is well-defined,

- 2. it is an ivolutive FLeg-algebra if and only if ® is associative,

34
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Twin rotatiov

* THEQOREM:
Every conic involutive uninorm is the
twin rotation of its underlying f-norm
and t-conorw.

39



| Corollary 2 Any involutive FL.-chain is the twin-rotation |
of its underlying t-norm and t-conorm.

36



Complete, densely
ordered chains with e=f

* Skew duvalization on complete, densely
ordered posets

* (lassification of involutive FLe-algebras
with e=fon [01]

37
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Complete, densely ordered chains with e=f

Skew dualization on complete, densely ordered chains

Definition 5 [1] For any commutative residuated lattice on a
complete and dense chain (X, <, ®, —g, 1), define ® : XxX — X
by z @y = inf{u®v | u > x,v > y}, and call it the skewed pair of
D.

Definition 6 [1] Let (L2, <) be a complete, dense chain and
Ly C Ly. Let (L1,®, —¢,<, T) be a commutative residuated lat-

tice on a complete and dense chain, and let ’ be an order reversing
involution on Ls. The operation ® is said to be dual to & with
respect to / if ® is a binary operation on (L)' = {2’ | x € L}
given by z ©y = (2’ ®y')’. We say that the operation @ is skew
dual to the residuated operation @ with respect to ’ if @ is the
dual of the skewed pair of ®.

39



Complete, densely ordered chains with e=f

Classification of involutive Fle-algebras with e=f on L0,1]

Theorem 4 Any involutive uninorm on [0,1] with e = f can
be represented by (2) where its undelying t-norm and t-conorm are
skew-duals.

Theorem 5 For any involutive uninorm on [0, 1] such that its

underlying t-norm ® s continuous, one of the following statements
18 true:

1. ® 1is order-isomorphic to the product t-norm or

2. ©® 1is order-isomorphic to the minimum t-norm or

3. ©® is order-isomorphic to an ordinal sum with summands all
being product t-norms.




Complete, densely ordered chains with e=f

Classification of involutive Fle-algebras with e=f on L0,1]

Theorem 4 Any involutive uninorm on [0,1] with e = f can
be represented by (2) where its undelying t-norm and t-conorm are

skew-duals. Holds in a more general setting

Theorem 5 For any involutive uninorm on [0, 1] such that its
underlying t-norm ® s continuous, one of the following statements
1S true:

1. ® 1is order-isomorphic to the product t-norm or

2. ©® 1is order-isomorphic to the minimum t-norm or

3. ©® is order-isomorphic to an ordinal sum with summands all
being product t-norms.




Finite Chains

Corollary 2 Any involutive FL.-chain is the twin-rotation |

| of its underlying t-norm and t-conorm.

42



Finite Chains

| Corollary 2 Any involutive FL.-chain is the twin-rotation |
of its underlying t-norm and t-conorm. |

Consider a finite involutive FL,.-chain

Z/{'nz ({1,2,...,?’&},8,S,6,f>

and denote its underlying t-norm (which acts on {1,2,...,e}) and
its underlying t-conorm (which acts on {e,e+1,...,n}) by ® and
@, respectively. We have

Up = US

43



Finite Chains

U, = {1,2,...,n},e,<,1,n,e, f).
Call e — f the rank of U, (or the rank of ). |

(& ] b)

. We have that rank(Uy,) is necessarily even if n is odd,
- and vice versa.




Finite Chains

* skew dualisation between non-positive
rank algebras and positive rank
algebras

* positive rank algebras

45



Skew dualisation

Definition 4

i. LetU = ({1,2,...,n},e,<,e, f) be an involutive FL,-

algebra with rank(U) > 0. Define the following alge-
bra:

uV - ({laza”'an"'1},O,Saf+1ae>a

where o is the dual of ¢, and ¢ is derived from e by
adding n+1 as a new annihilator to it. More formally,
for z,y € {1,2,...,n+ 1} let

roy—d T®Y if z,y € {1,2,...,n}
Y=Y n+1 ifmax(z,y) =n+1

and let zoy = (2’ o4')’, where ’ is the order-reversing
involution of {1,2,...,n}.

1 W va.:

46
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Finite Chains

Skew dualisation

Definition 4 |
4 LB

. Let U = ({1,2,...,n+ 1},e,<,e, f) be an involutive
FL¢-algebra, and assume rank(U) < 0. Define the
following algebra: .

Upn = <{1a23°°°7n})0)§>fae_1>a

where o is the restriction of the dual of ® to {1, 2,...,n}.

“|
.
+F
{ ﬁ 'y

and let zoy = (2’ 0%/)’, where ’ is the order-reversing
involution of {1,2,...,n}. |
e W e w ¥
47




Finite Chains

Skew dualisation

; Theorem 2 (finite skew dualization) L

i. For any involutive FLe-algebrald on {1,2,...,n} with r
rank k > 0, Uy is an involutive FLe¢-algebra on {1,2,...,n+
1} with rank 1 — k.

it. For any involutive FLc-algebra U = ({1,2,...,n +
1},e,<,e, f) with rank k < 0, Ua is an involutive FL,-
algebra on {1,2,...,n} with rank 1 — k.

Moreover, we have 1 _k ‘ |
) |

UA) v =U and (Uy)Y =U.

Ta >
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Finite Chains

Positive rank algebras

Lemwma

: If n > 3, rank(Uy,) > 0 then U, has a subalgebra on n
}{2 n—1}iff2e2=2. |

49



Finite Chains

Positive rank algebras

Lemma }
' If n > 3, rank(Uy,) > 0 then U, has a subalgebra on ¢

- iddd.px
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Finite Chains

Positive rank algebras

e ... ldddes
Consider a positive rank finite involutive uninorm e on {1, 2,
...,n}. Ifeis not T L-indecomposable then it has a subalge-
bra on {2,...,n— 1} and thus we have 2 —¢(n—1) <n—1
which implies 2 e n = n. Therefore, in addition to (18),
ne{2,3,...,n} holds too, that is, the Cayley table of e is
uniquely determined by the Cayley table of the subalgebra,
which is either T_-indecomposable or has a subalgebra on
{3,...,n — 2}, etc.

0
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Finite Chains

Positive rank algebras

e ... ldddes
Consider a positive rank finite involutive uninorm e on {1, 2,
...,n}. Ifeis not T L-indecomposable then it has a subalge-
bra on {2,...,n— 1} and thus we have 2 —¢(n—1) <n—1
which implies 2 e n = n. Therefore, in addition to (18),
ne{2,3,...,n} holds too, that is, the Cayley table of e is
uniquely determined by the Cayley table of the subalgebra,
which is either T_-indecomposable or has a subalgebra on

{3,...,n — 2}, etc.

0

It ix 1e{1,2,...,n} =1 and ne{k,k+1,...,n} =n. (18)
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Finite Chains

Positive rank algebras

Theorem 2 (rank 0,1) We have that e is the monoidal op-
eration of a finite involutive FL,-chain with rank O (resp. rank 1)
iff n is odd (resp. m is even) and

Tey— { min(z,y) ifz <y (@

max(x,y), ifz >y

93



Finite Chains

Positive rank algebras

Theorem 2 (rank 0,1) We have that e is the monoidal op-
eration of a finite involutive FL,-chain with rank O (resp. rank 1)
iff n is odd (resp. m is even) and

_ ) min(z,y) ifz <y
my_{ max(z,y), ifz >y

;"

- Corollary 3 IUL plus e < f doesn’t have the FMP.

N v
4 € ———————————————————————— oy
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Finite Chains

Positive rank algebras

_Ew

Denote ® the drastic t-norm on {1,2,...,n} by

)1 if z,y <n
TOY= { min(x,y) otherwise (19)

Theorem 4 (rank 2) Letn > 3 odd. We have that & is °©
a T L-indecomposable finite involutive uninorm on the chain

{1,2,...,n} with rank 2 if and only if its underlying t-norm

(resp. t-conorm) is ® on the “F2-element chain (resp. an

arbitrary t-conorm on the "“5*-element chain).
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Finite Chains

Positive rank algebras

Corollary 4 Denote C,, the number of conorm opera-
tions on an n-element chain. The number of T _L-indecom-
posable involutive uninorms on an n-element chain with rank

2 equals to Cn—1. The number of involutive uninorms on an
2

n—1

R
n-element chain with rank 2 equals to z Ci.

1=1

~ arbitrary t-conorm on the “5=-element chain).

e T
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Finite Chains

Positive rank algebras

Lﬂ@w#

‘ Corollary 5 (rank -1) Let n > 4 even. We have that o
298 s q finite involutive uninorm on the chain {1,2,...,n} with
rank —1 satisfying (n —1) o (n — 1) = n if and only if its
underlying t-norm (resp. t-conorm) is an arbitrary t-norm
® on the 5-element chain satisfying 2 ® 2 = 2 (resp. the

127030‘ dual of ® on the """’2 -element chain).
Eq"

tion.

%’
n-element chain with rank 2 equals to E C;.
i=1

arbitrary t-conorm on the "5=-element chain).
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Finite Chains

80O

Positive rank algebras

Proposition 4 (rank n-1) Let n > 1. We have that
® is a finite involutive uninorm on the chain {1,2,...,n}
with rank n— 1 if and only if its underlying t-norm (resp. t-
conorm) is any Girard monoid on the n-element chain (resp.
the t-conorm on the one-element chain).

W

| i i sy
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Finite Chains

Positive rank algebras

800 [+ iddd.pdf —
Proposition 4 (rank n-1) Let n > 1. We have that
® is a finite involutive uninorm on the chain {1,2,...,n}

with rank n— 1 if and only if its underlying t-norm (resp. t-
conorm) is any Girard monoid on the n-element chain (resp.
the t-conorm on the one-element chain).

anNo o Fidddpdt =)
Corollary 6 (rank 3-n) Letn > 2. We have that & is
a finite involutive uninorm on the chain {1,2,...,n} with

rank 3 — n if and only if its underlying t-norm (resp. t-
conorm) is the (unique) t-norm, namely, the minimum, on
the two-element chain (resp. the dual of any Girard monoid
on the n — 1-element chain).

-
.
| ﬁ ? >




Finite Chains

Positive rank algebras

%

Theorem 5 (rank n-3) Letn > 3. We have that e is a
finite involutive uninorm on the chain {1,2,...,n} with rank
n—3 if and only if its underlying t-norm satisfies condition 1
in Definition 2 and its underlying t-conorm coincide with the
maximum operation on the two-element chain.

B
v
. i i R
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Finite Chains

Positive rank algebras

Theorem 5 (rank n-3) Letn > 3. We have that e is a
finite involutive uninorm on the chain {1,2,...,n} with rank
n—3 if and only if its underlying t-norm satisfies condition 1
in Definition 2 and its underlying t-conorm coincide with the
maximum operation on the two-element chain.

%

Corollary 7 (rank 5-n) Let n > 5. We have that
is a finite involutive uninorm on the chain {1,2,...,n} with
rank 5—n if and only if its underlying t-conorm coincide with
the minimum operation on the three-element chain, and its ©
underlying t-conorm satisfies condition 2 in Definition 2.

v
1 i i L.
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