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Terminology

Commutative partially ordered monoids 
will be referred to as uninorms. 
Uninorms which are integral (resp. 
dually integral) will be  referred to as t-
norms (resp. t-conorms).
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What is known about 
uninorms?

5

e

S

T



If T and S are 
continuous
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4 The case (min, S) with continuous Archimedean S

Let U be a uninorm with neutral element e ∈]0, 1[ such that TU = min and SU is a continuous
Archimedean t-conorm. Let us define U∗ : [0, 1]2 → [0, 1] by

U∗(x, y) = 1− U(1− x, 1− y) (x, y ∈ [0, 1]).

Clearly, U∗ is a uninorm with neutral element 1 − e, and with underlying t-norm TU∗ =
1−SU(1−x, 1− y) and underlying t-conorm SU∗(x, y) = 1−TU(1−x, 1− y). Thus, we obtain
the following theorem, by applying the results of the previous section.

Theorem 2. Let U be a uninorm with neutral element e ∈]0, 1[ with TU = min, and a contin-
uous Archimedean underlying t-conorm SU . Then there exist numbers a ∈ [0, e] and b ∈ [e, 1]
such that

U(x, y) =






min(x, y) if x, y ∈ [0, e],

e + (1− e) · S

�
x− e

1− e
,
y − e

1− e

�
if x, y ∈ [e, 1],

min(x, y) if min(x, y) < a, max(x, y) > e,
min(x, y) if a < min(x, y) < e, e < max(x, y),
y if y > b, x = a,
a if y < b, x = a,
either b or a if x = a, y = b.

PICTURE
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The converse construction with a given g having the above properties, with e ∈]0, 1[, and with
continuous T and S always gives a uninorm U .

(b) If there exist at least one Tm and Sk which are strict, then there exist two decreasing functions
f, g : [0, 1] → [0, 1] with the previously listed properties such that f ≤ g, and f(x) < g(x) only
when x ∈ [αm, βm] or x ∈ [γk, δk] such that Tm and Sk are strict.

The above case (a) is illustrated in the next figure.
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Therefore, it holds that

U(x, y) = h−1(h(x) + h(y)) = h−1
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We summarize the case of strict TU and SU in the following theorem.

Theorem 5. Let U be a uninorm with neutral element e ∈]0, 1[, and TU , SU be strict. Then

(a) if U(x, y) = max(x, y) for some x < e < y < 1 then we have U(t, z) = max(t, z) for all
t < e < z < 1;

(b) if U(x, y) = min(x, y) for some 0 < x < e < y then we have U(t, z) = min(t, z) for all
t < e < z;

(c) if x < U(x, y) < y for some 0 < x < e < y < 1 then U is a representable uninorm.

7 The complete picture step by step

Since any continuous t-norm T is an ordinal sum of {([αm, βm], Tm)}m∈M , where the index
set M is countable, we can think of T as follows. We start from the t-norm ‘minimum’, and
according to the intervals {[αm, βm]}m∈M , we replace minimum on the part [αm, βm]2 by the
appropriately scaled Tm sequentially. Similar argumentation applies to S.

Now, consider a uninorm U with neutral element e ∈]0, 1[ having continuous underlying T and
S given in the form of (5) and (6), respectively. We can obtain U by starting with another
uninorm with the same neutral element e, having underlying t-norm ‘minimum’ and t-conorm
‘maximum’ (i.e., this uninorm is an idempotent one in any case), and applying the previously
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The converse construction with a given g having the above properties, with e ∈]0, 1[, and with
continuous T and S always gives a uninorm U .

(b) If there exist at least one Tm and Sk which are strict, then there exist two decreasing functions
f, g : [0, 1] → [0, 1] with the previously listed properties such that f ≤ g, and f(x) < g(x) only
when x ∈ [αm, βm] or x ∈ [γk, δk] such that Tm and Sk are strict.

The above case (a) is illustrated in the next figure.
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Twin rotation

THEOREM:
Every conic involutive uninorm is the 
twin rotation of its underlying t-norm 
and t-conorm.
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Classification of involutive FLe-algebras 
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