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Canonica] ademsions of boolean algebras

We denock. by BA Hie category of boolean algebras and Veolean
homomnorphisms.

Definthon Lot A,RBEBA wih & comp/eb omd €:A28 a balean
MO MO MorphISM .

esdense 1f each 6B 1sa Join of meets fom e[A).

- e 15 compact f wheneer S,TCA i Ael ¢ Vel Hen Yhere
are finde. S6 €S amd ToCT witb NS £ VTp.

- (32) 15 o caroncal exdonsinof A £ @ s dense and) compack

Exampl. If X isthe. Comer spa@ amd & = 3 clogen subsets of X§, Hon Hhe
mclosenr B - QK) 15 o camonical oxfemson.

If B s o beolean olgedra amd Xg 1k Shwe spaa of oljrrof Ners , Hhem
the. e mop P B2 O sendig b dN1€N3: e xS 15 o comoniad
edowsion of B.

Camonical oxforsSuns are ongue. vp 4o SOMPHSM. The reH oo by
Tonsson and Tacshe shows onder Yhe Aiem of Choice (A Hhat Hey exsst.

Con their ouskn@. ‘oo seam chol -free 7



Choice-free. descriphon of canonical exfemsions

N. Dezhanishule omd Hollidsy guoe the fllowing desonphon.

let Be®A amd X the set of proper Gilters of B Viewing (X,€) as a
poset,  topokgize X with the Alexandioff kpdegy of opsets of X.

Recall fora_topokgecal epace Y, an open setis fegularopen 1f
U= Int(clw). The set RO(Y) of regularopen sobsets of Yis a_
complete. boolean algebre yia

Vil = in(cl(UW))  Ale= Ib(NG) 70 = It (Y\K)
Define e B—=>Ro(X) by eM=uUero(d) = ek, BH shuo that
e 15 a well-defined deolean monomophism and Hhat (Ro(d,@) 15 o

cononical edension of B,

Their argoments are chvice-free.

Conhe. descrphon De madh Point-free by ot referrigdo o
Yopolgecal spaa &



Vot -free descriphion of canonical extensions
We inlegrer RO porely frame- theorehcally. Recall thata_ Frame.
s o omplele. lathce L sahsfying the wfimie. distnbotie low
an VS = \/25 Ql\sise&g forall ael and ScL
Eqamples The colleckon of epen subsets of a_tepokgical spaca. ot osuae.
U, N s aframe. 1n addihion, complele. deolean algebras are frames.

\f Lis afame ond ael, set = Vinel ¢ annsch

The set B(L) =3ael o**=a§ 15 calle ¥he bwleanizobon of L. £ 1saC
complele. Wolean olgbm via

NS =CysS s = AS 0= @
Definhon for A€BA let Fil(A) bethe set of fillisd A, ordecer by

fevetse inclosion.
FIA 1 0. boond)  meet semlathce. ( Slat).

Tt s nown that Hra Slat M with 9, the fame On(M) of oll duwisets

of M isthe free Tame on M, indhat the forget ) fonclr from Fames fo
Slat' hasa left odiont winichsends M o DaCM).



Definhon let Slate 'be the categery of boonded meet semilattices wit
meet semlatfice Womomoghisms gresecuig Oand. |.

Theotem Let A€ BA. The fame_ of vpsets of- proge fillers of A, ordered by
teverse Inclosion | s ¥he free frame on Fil(A) € Slats |

If MeSlats and Fisthe free Same on M, we denok by L:M-9F He
canonica| Slats= momomorphish.

Cosollary  1f A€ 84 and T isthe free frame on RIH(Ae Slath, Hhen the
boolean izaton B(F), fogether with the mp €:B->B(F) defined by
e(®)= L(th) g the canonical exdension of B.

This descoghon 15 then bath choice -free and pont -free.

We next address the andloseus sdvahon 10 the calegorgy bal of
oonded archimedan  lattice -orderéd) algebras .

We staré by mokwaheg and Hhen definimg Hiis calegory.



Rings of conhmoons fonchons

If X 15 atopolasical space,set

C(X) = red- valoed corhnomS Sonchors onxi
and

(N =7 boondl) elements of (RS,

These are eommuiiiR. ool cingd onder goivwise +,7 ond are oo R-vecks
SPOCES.

) Wasapahal oidor £ gwow by £48 o F4§NA fall weX.
These ace lathices vio

($yg)) = max§ £68, 9008 ($ADHE=mnd 36, 300%
Theyare lathce -ordeved algpvras (£-a\gewas Bt Short)  meaning Hhey
sohsiy
© 8 iphes  Frhegth
- $t8 and oth imples L gh

. $£3 and oLfeR  mples cf Ly



Both C0X) and C*(X) are archimededn , meanig $hat 0t £g for
al nz) mples ¥hat Feo.

C*(X s Younded me(m\%%f eadn £ (X) Her s 021 with
1£) €0, Notethat [£]=Fv(-9)

C*) s a norm gen by NI = 203|301 xe XS, Alernahely,
Wl = inf2rem: Igeler

Definhon bal 1s¥he calegory of boondel aschmedean 2-algebras,  with
£- algevra. homomor phisns .

1f AcbaQ | Refining llal\ = nf3 reR ! 104l yields a well-defnad nom,

Delinthon vbal 1sthe ol sotcaleory of bal consisting of Hwese A which
are complele with resgect o Hhe norm.



belfand Doality

There 15 @ confravaciant Pnckr C! KHaus — bal, where LRy i ffie
codegory of compact Havsdorff spaces and contmoass maps . C sendls
X€ KHas do aX) and o enhros mop T XY b oo} c(Y) (X,
glen by CO(F)= o

Let A€bal . A fing 1dea Tof Awsan L-idea) § la\ 6l ond be T 1mples
Yhat ac T .

let Ya =? maxime O-dealss AS 1 MeYa, then AIMT R,

Wit Yhe Zanske. Fepokay, where. clbsed sets have. Yhe form
2(D)=3 MeVa’ TSNS Soc an L-ideal T, Yne EHavs. & s alled He
Yosida. space of A.

There 1sa consavariant funcr ¢ bal = VHas sending A 4o Y4
and o al-moxprism & A8 b &) ¢ Vg Y4, guenby M J(M),

belfand Doolity  The fonclrs C andy foerma. condsavariant adyoncior
‘otween YHaos and kol nch festrictsto a dval adjonchon
belween LHaws and obal.

The naorad somophisn 3 lpgt = CY  of the adurckon s gen by
JAA2CRY , Ja@D(W=r (f areM.



Dedefond and canomcal exfonsons
Definthon Débal 1sa Dedbbind algdva if it is condihonally complek. That
S, if eadn subsel boondel aboe. WS a suptemom w D.

Delinhm A (odlnd olpbm O i 4he  Dedebmdompleon of Akl f

Here 0. Yol~ nofomophism ¢ A=>D zoch Hhat eadh deD s a goin
Srom ().

Existona of Wlbmd compohins Bllow from workof Nakamd omd Jehnson.

As o laHice ey com\o desenb® as Hhe set of normal latice deals of
A.

E‘)(OM)?\Q, let #A>B be o bal- monomorphism with A+0.  Set T=1%
ond S=30:0LTeRY Thon AALSI= 0= VAT oot Here 1 1o finte S €S

wth ASe £ VT,
Definthon Let e A>B bea bal ~momomerphism with B Dedebmd
© @ 15 dbnse if eadh be® (s agoin of meets from AfA),

@ s compact 1f R eadn S,TSA and 0LEE€R with A +E ¢ VelT]
here are fine Soc Samd TET  with ASe £ VT .

(82 1s acovon@| onosion st A 1F e s dense and) compact.



I£ X 1saset,then B =3 ounded real <l fonchass & 15 o Dedolbind
olgeora undbr pontwis®  operahos.

Theeten (8M0) Let A€ bal. Thon (BN, In) 15 the vnigoe opto tsomorphism
canonical exondion of A.

We widh do gie. a choi-fraa. amd a pont free Loscrphon of Hhe
canonica\ exfonsion of Ae lnal.

Dolnhon An LiddaQ T s an ovmedean ol f AT 15 arcwimedean.

Thos, T ardvmedian < AlTekal. bwen (A) oscmedean ials are oxactly
indersechons of  marimal 2-1dalS. This imples Hhat- there 15 o ogechm
‘ootweon the set  Arcw(A\ of afchimetan \deds amé Hhe. opom sk of V4.

let X ={ peover adnimedbam Sods FAL. e gue X the Mexangh-
Topokay. Enislonc of ardhmedhan 1dhals dbes, not fepure (ACY. e vse
«as o Diluorth Yo gue achoie-frar descrphon of canoncal  exlonsions
Hat s anabgess o Yo BB descngfion for Yeolean algebus,



Norma) lower™ gemaonfinoass fynchons

Let Y le @ fopokgical Space and £ a_ boonded fonchonon Y. For %€ Y
let Ny \ethe collechon of open neghhorhosds of .

Definhon £ (%) = InfP s0p £Lu] * UeWy {

and
$( = sop$inf £La] : UMl

Toon F4 é‘r‘fﬁ, $4,5% are bandl, £ S cppel semcontnams oumd i
lowet semiconhnuad. Also, £ s lower semicontmoors  (FF £ &

Definthon N(‘h:%{"c%(‘/) '~ ﬂ::(ﬁ\xg . These arecalled  pormal fnchenS.

Dilivorth showeld +0rat F Y is complolely regular, Jeon N0 is¥he Dedblbm)
complehon of ) os o lathe

Dinet shouel 0k Hhere are sporatons on NIV Yoat moba WO b o
Dedbid algore. These are the “normalizotions ofthe poinfikie. cperations
(eg. fog= ((£+85)s).

Theorem For Aebal amd X Yhe Aleyandhaf™ space of proper archimedean wkals of
A, Hon ! A>NK) 13 Yhe canenkal  oxdonsion of A, where.

@) (T)=592 e R ! (r-awoels TeX



This fesolt 5 cwoia-frea bt not point -2 . 1€ 15 nondiivial o proe, incloding
showng € 15 well-dofined.

We wishtoge. o descriphon of canonica) exdonsion that \s both
choice~free and pont-free,

Theosem (Banaschewshe) — Arcn () 15 0.C compaet; cegular) Frane.

Delinhon Let tidch (N>R twthefree Beclean adension of Ach (M€ DL.
That 1S, Yhe Brgetfl Soncke BA 0L has o left adfjomé, an s forchr
gendd Arch (AN 4o B.

We ol nead the conceptof a Specher algebra_ , whose desaryhon wos fist
Soond oy Bergman ond independently by Rote.

Defwhon for AcBA let RI= RIL oteet} /T, 4he polyromial cing in
vaniadks 3 Ja acAk 5 modvlo the ideal generaled by

30&\3‘(3&"’31)'30313, aw\b‘ gagb g '370.‘(1’36\, go (Q,\)é A\

Thesrem RIA\ebad and I&(RWB‘{ YolaefS 2 A, where Yo Jatl.



Move generl nohens of Stecler algebms where Hhe base feld) coold ko any
commotahie. 109, were studied i a goper by 1. Benhashinle, Marre, —, and
olverding.

Theorem 1§ B isthefree boolean exfension o Acn(® and D(RSE) 5
Yhe Dedebmnd completn ot RID Hhen e: A~ D(RTE) 13 the canonia]
odension of A, where

el =-s+ \/g 0 L7un) * Te An(A), (r-s-aWoeI§.

and where. sefR  sahsfies ats zo.

The. prast 15 ey ednnical, Showing the goin tists 15 rot ko bal. Shamg
Hhe rest s all  nontriviad.

A preprint s avanlable on arXit.og (with the same. Yile as Hus Jal).
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