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• ( Infinitary) extensions of algebraic dualities - possibly
with modal operators .

g
Still relatively tractable ,

with useful applications ,
e.g . relating logical properties to algebraic

and topological ones .

• The situation is remarkably different when we move from

propositional to predicate logics
- Cylindric algebras (Tarski ,Monk) and polyadic BA (Halmos) :

quantification as extra structure
- LawVere's hyperdoctrines : quantification as a property
- MakKai 's ultracategories : one - sided duality for Fo theories
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LT (8) LT V47 LT (<xnxz>) A (Boolean) hyperdoctrine
FX
, 4×2 is a functor

L L

→ -> Contexts > BA
r

r

7×1 7×2 satisfying the Beck- Chevdlley
condition G- commutes with

> <✗s > > <×, , ✗ a> substitutions )

Applications of categorical semantics of predicate logics are few
and far between . Notable exceptions include :
- Pitts . An application of open maps to categorical logic (JPAA 1983)
- Ghilardi & Zawadowski , Model completions and r-Heyting cat 's (APAL 1997 )
- Coumans , General ising canonical extension to the categorical setting CAPAL 2012)
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• Lack of a usable duality for these categorical semantics

• Fundamental Copen ) problem : characterise those categories which

are (up to equivalence) of the form Mod (T) for some Fo theory T .

Partial results in this direction :

- A category is locally finitely presentable iff it is equivalent to
one of the form Mod(T) for T a limit theory .

( A limit sentence is one of the form V-x-cpcx-t-FI.Y~CI.IM
Where y and y are conjunctions of atomic formulas )

- For every Fo theory T, the forgetful functor Mod(T)→ set

preserves directed colimits ( this extends to AEC: Shelah , Rosicky , etc . )

- Anti - elementary classes (Weh rung )
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§2. LOGICAL RESOURCES

Hyperdoctrines typically stratify (algebras of ) formulas in terms of
contexts ( i. e., tuples of free variables ) .

But there are other interesting and meaningful logical resources that
one may want to consider , such as :

• quantifier- rank
- modal - depth in modal logic
• complexity of guards in guarded logics

This is especially relevant infinite model theory ,where resource- bounded

logics play an important role . However
, it sometimes leads to improvements

on - and finer analyses of - classical results in model theory (e.g. ,
Rossman's Equi rank HPT ) .
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A categorical approach to the study of logical resources was recently
introduced by AbramsKy ,

Dawar et al .

It is based on the notion of game comonad .

- AbramsKy , Dawar & Wang , The pebbling Comonad in finite model theory
( tics 2017 )

- AbramsKy & Shah , Connonadic semantics for computational resources

(CSL 2018 )

The original intent was (and still is ) to relate two (almost disjoint )
strands in theoretical computer science , one focusing on semantics and
compositionality (exemplified by categorical semantics ) , the other on complexity
and expressiveness (exemplified by finite model theory) .

I believe this hovel approach may be of interest, more broadly , to those

working in categorical , (co)dlgebraic and duality approaches to logic .
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GAME COMONADS

R (o ) : category of relational structures for a finite relational

signature 0 and homomorphisms between them .

Suppose that we are interested in For , first-order logic with

quantifier - rank at most K . We then have limited access to a

structure : the only properties that can be
"
seen

"
are those expressible

in the fragment For .

We consider a category of forest- ordered 5- structures (Ait ) .

• objects : pairs (A.E) satisfyingRE ( o ) :

(E) : if ✗YEA appear in a tuple of related
elements

,

then either ✗ Ey or ye ✗

• morphisms : homomorphism of r- structures that are also
forest morphisms
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• The intuition is that the forest order on a r- structure A describes the
"accessible part

"

of A .

In particular , we can restrict access by bounding
the height of the forest orders . For all K>0 , set

12¥ (T) : full subcategory of REG) ou those (As) s - t . the

forest-order £ has height at most K .

RKE (f) The functor UK ,
which forgets the

forest order , has a right adjoint FK which
^ builds a forest- ordered structure in aUk -1 FK

(co - ) free manner so as to satisfy (E) .
✓

crucially , Uk is comonadic ,
i. e.

Rco )
Rt (6) is isomorphic to the category

of coalgebras for the Comohad IEK := Up ° Fr .

Ek is the Ehrenfeucht - Fraissé comonad on Rco) .
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REEG, The following fall out of this picture :

r
• LOGICAL EQUIVALENCESUk -1 Fk

✓ We can define natural resource- indexed equivalence relations on RHI . E.g.,
RG)

HA , BERG)
,
A⇒K

B Iff FK (A) 7- Fr (B) .

Theorem ( Abramsky , Shah) The following hold for all A, B c- RCJ) :

i ) A⇒KB iff A -=→+F°kB
;
Ii ) A→KB iff A _=F°kB .

Moreover , if A and B are finite , we have iii) A-=kB iff A É°R(
#)
B
.

• MODEL- COMPARISON GAMES

Morphisms E-KA → B (equivalently , morphisms A→B in the KleisIi category )
can be seen as winning strategies for Duplicator in the one-sided Ehrenfencht-
Fraissé game played between A and B .

• COMBINATORIAL PARAMETERS

The coalgebra number of AC- RCT) . if it exists , is the least KZO S -t. A admits a

coalgebrd structure for Ek . For all finite A- c-RCN
, the coalgebrd number of A

exists and coincides with the tree- depth of A (AbramsKy & Shah , 2028 ) .
9



Similar results hold for other logic fragments , such as finite-variable logic and
modal logic with bounded modal- depth . The latter are captured by the

pebbling and modal Comonards , respectively .

Moreover , many of these results can be derived axiomatically , working in
arboreal categories (AbramsKy & LR ,

2021 ) . These are based on an abstraction

of the idea of forest - ordered covers of 6- structures .

ii. ii
Basic objects : Paths ! Every object in an arboreal category is

\
. obtained as a canonical Colinit of paths .

!!

Every arboreal category 8 induces a canonical functor 8→Trees which

allows for notions such as back- and- forth systems and back-and-forth games
to be defined in 8 . Homomorphisms Preservation theorems can then be

formulated and proved in this axiomatic framework .

I think these ideas could be even more fruitful if combined with tools and

intuitions from categorical logic and duality theory .
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§3. HOMOMORPHISM COUNTING

As a first step towards the study of the relation between game comonads
and other (already existing) tools of duality and categorical logic ,

we

shall look at homomorphisms counting results .

These can be of various kinds : S
"
Unnatural Yoneda,

a) For any two finite graphs /groups/ lattices /Boolean algebras . . .
A and B

,

AEB ⇐ /Hour (A. c) 1=1Hour (B.c) I C finite graphs / . . .

LOVÉSZ
+ PULTR ⇐ / Hour (C , A) 1--1Hour (C) B) I t C finite graphs/ . - .

b) For any two finite 5- structures A and B ,

GROHE A ⇐
Fort#) B ⇐ / Hour [c.A) / =/Hour (C,B) 1 KC finite with tdcc) ? K

c) Two finitely generated pro finite groups are (topologically) isomorphic Iff

they have the same finite (continuous , homomorphic) images .
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Homomorphism counting results are important infinite model theory and
graph theory because they allow for the study of structures using techniques
from linear algebra . E.g. a finite graph G is determined , up to Iso ,
by the vector (lHom(G.H ) 1)+, c- INwe IRW , where H ranges over the set

of ( isomorphism classes of) finite graphs .

Naive idea : look at the functors How C- , A) : 8
"
→ Finset as some sort

of "nice
"

presheaves (where , e.g , 8 = Grpfin) .

4- (8) LT """ " ""' ✗27

Taking the (pointwise) dual of Boolean hyperdoctrines ,V-✗y
<

4×2
L

s> -> we obtain the notion of polyadic space (Joyal , 1972 ) :
FX
, 3- ✗2

• AMALGAMATION
F ; GOP-9 Stone satisfying { • OPENNESS •

> < ✗s > > < ×, , ✗ a >

Restricting to the
"

finite duality " ,
we have in particular polyadic finite sets :

F : 8°P→ FinSet satisfying AMALGAMATION
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Theorem [ Lovoist ; Pultr ; Isbell ; Dawar , Jakl & LR ; LR ]

Let 8 be a locally finite category admitting a proper factorization system
(Q . Wb ) sit . 8 is Q-well- founded . Then

, for all a.be 8 ,

aEb ⇐ 1 Hour (c.a) 1=1HowCc , b) I HCE 8 .

(For the dual version , replace
"

Q- well- founded
"
with

"Nb -well- founded
"

.
)

Sketch of Proof: Let F.= Howe (-, at and G := Hour C- , b) .Then F, G : 8%-7Finset

are pointwise isomorphic polyadic finite sets .

Lemma : Two polyadic finite sets F , G are pointwise isomorphic iff so are

their (Stirling ) cores f-
•

, G:[F.(c) c-Fcc) consists of the points of
"
maximal dimension

"

]

K ce 8
,
F (c) EG (c) ⇒ F-

•

(c) E G
'

(c) ⇒ Ib (c. a) = clbcc , b) ⇒ (Cs.-→ a Iff c>. -- --- - .> b) .

It follows that a ? Z b and so a_=b ( a finite monoid satisfying the (left)

cancellation law is a group) .
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The previous homomorphism counting result can be extended to characterise
" infinite objects that are determined by their finite approximations

"
.

Typically , these are certain objects in Ind (8) or Pro (8) , for 8 a locally

finite category . We recover the results mention earlier (and obtain new ones) :

a) For any two finite graphs /groups/ lattices /Boolean algebras . . .
A and B

,
b) : apply the theorem in the

iovasz AEB ⇐ /Hour (A. c) 1--1Hour (B.c) 1 FC finite graphs / . . .

^

previous slide to the category
+ PULTR ⇐ / Hour ( c. A) 1--1Home , B) I t c finite graphs/ . . . of finite coalgebrds for the

b) For any two finite or- structures A and B , Ehrenfeucht-Fraisséconrondd .
GROHE

A -=F°r- (#) B ⇐ / Hour [c. A) / =/Hour (c. B) 1 KC finite with tdcc) ? K

> c) Work in Pro (Grpfin ) .
c) Two finitely generated pro finite groups are (topologically) isomorphic Iff

they have the same finite (continuous , homomorphic) images .

Also : - Finitely generated profinite groups/Abelian groups/N- algebras are
÷

• ' '

determined by hour- counts to finite (discrete ) algebras .

. .

• • . - • • • . •

. . .

. :* . . . . .
- finitely branching trees are determined by hour- counts from finite trees .

• • •
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CONCLUSIONS

• Better understanding of the relations between comonadic semantics for

logical resources , categorical semantics a' la LawVere /Joyal , and duality ?

• Logic - based proof of homomorphism counting results ?

• Isomorphism vs elementary equivalence : these notions coincide for finite
models , but also for finitely generated profinite groups (Jarden& Lubottky) .
Can we understand this in terms of polyadic spaces ?

Haitink 800*1
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