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 Lukasiewicz logic is one of the most prominent non-classical logics with very rich metamath-
ematics and with deep connections with many areas of mathematics such as lattice-ordered
Abelian groups, continuous model theory, rational polyhedra, Chang MV-algebras, algebraic
probability theory, etc. [2,8,10]. One of its defining features is known algebraically as integrality
(the maximal truth value is the unit of strong conjunction) or proof-theoretically as weakening
(one can derive ϕ→ ψ from ψ). There are numerous reasons to omit this condition and many
of the resulting logics have been studied in the literature under the guise of substructural log-
ics [6]. However none of them can, as of now, boast as deep connections to other areas of logic
and mathematics as  Lukasiewicz logic.

The existing approaches are arguably either too weak (e.g. the logic of GMV-algebras [7],
which drops also commutativity of fusion and semilinearity), or too strong (e.g. Abelian logic [1,
9] which is contraclassical, i.e. proves claims such as ((ϕ→ ψ)→ ψ)→ ϕ).

In the recent paper [3], motivated by issues of reasoning with graded predicates, a new
logic was proposed based on particular residuated lattice C over the set R of all real numbers
extended with two limit points +∞ and −∞, in which

• the values in the open interval (0, 1) are still intended as intermediate degrees of truth,

• 1 is intended as the least degree for definitively true statements and will interpret the
truth-constant t,

• values above 1 are also intended for definitively true statements and +∞, the largest of
these values, will interpret the truth-constant >,

• 0 is intended as the largest degree for definitively false statements and will interpret the
truth constant f (and thus be used to define the negation connective),

• values below 0 are also intended for definitively false statements and −∞, the least of
these values, will interpret the truth-constant ⊥,

• the interpretation of connectives→ and & are defined using the following table; note that
for x, y ∈ R it is just the untruncated form of the interpretation of these connectives in
 Lukasiewicz logic:

x&C y y = −∞ y ∈ R y = +∞
x = −∞ −∞ −∞ −∞
x ∈ R −∞ x+ y − 1 +∞
x = +∞ −∞ +∞ +∞

x→C y y = −∞ y ∈ R y = +∞
x = −∞ +∞ +∞ +∞
x ∈ R −∞ 1− x+ y +∞
x = +∞ −∞ −∞ +∞

The algebra C = 〈R,∧C ,∨C ,&C ,→C , fC , tC ,⊥C ,>C〉 is a IUL-chain (cf. [5]) and the
negation ¬Cx = x→C fC is the involutive function

¬Cx =


1− x for x ∈ R
−∞ for x = +∞
+∞ for x = −∞



The chain C is related to a particular family of standard IUL-chains, denoted as A(◦CR, f),
which are given by the cross ratio uninorm ◦CR:

a ◦CR b =


ab

ab+ (1− a)(1− b)
, if {a, b} 6= {0, 1},

0, otherwise,

and its residuum ⇒CR, and by fixing the interpretation of f as f (clearly ⊥, t, and > are
interpreted as 0, 1

2 , and 1). We show that C is isomorphic to A(◦CR, f) for any f ∈ (0, 12 ); e.g.
for f = 1

3 we use the following mapping (for other fs just use a different suitable basis of the
logarithm):

h : [0, 1]→ R defined as h(x) =


1 + log2( x

1−x ) if x ∈ (0, 1)

−∞ if x = 0

+∞ if x = 1

Interestingly enough, up to our knowledge, the logic of C has never been explored (however,
the related logic CRL of A(◦CR,

1
2 ), which conflates the interpretation of t and f, a clearly an

undesired law, has been studied in [5]).
The goal of this contribution is to motivate the logic of C and present its basic mathematical

properties in the customary manner of fuzzy logics [4].

References

[1] S. Butchart and S. Rogerson. On the algebraizability of the implicational fragment of Abelian
logic. Studia Logica, 102(5):981–1001, 2014.

[2] R. Cignoli, I. M. D’Ottaviano, and D. Mundici. Algebraic Foundations of Many-Valued Reasoning,
volume 7 of Trends in Logic. Kluwer, Dordrecht, 1999.

[3] P. Cintula, , B. Grimau, C. Noguera, and N. J. Smith. These degrees go to eleven: Fuzzy logics
and gradable predicates. Submitted.
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