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Until recently, twist-products (also known, in the literature, as twist-structures or twist-
algebras) have been almost exclusively employed to construct and represent algebras (of non-
classical logics) that carried an involutive negation, i.e. one satisfying the double negation
identity (∼∼x = x). Prominent examples include various classes of bilattices and residuated
structures, such as Nelson algebras (models of Nelson’s constructive logic with strong negation:
see e.g. [19]) and N4-lattices (models of the paraconsistent version of Nelson’s logic: see [6, 7]).
While the twist-product indeed provides an easy way to introduce an involutive negation, this
feature is not essential to the construction, either from a technical or a conceptual point of
view (concerning this latter aspect, see in particular [4, 5]). This observation is developed in a
series of recent papers which explore the applicability of various non-involutive twist-product
constructions: see [9, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18]. In particular, the papers [18, 11] show
how to generalize the definitions and twist representations of Nelson algebras and N4-lattices
to a non-involutive setting; the resulting classes of algebras have been dubbed quasi-Nelson
algebras and quasi-N4-lattices, respectively.

In the present contribution we extend the non-involutive twist construction so as to en-
compass yet more general classes of algebras. Observing that both Nelson and quasi-Nelson
algebras are (special subclasses of) bounded commutative integral distributive residuated lat-
tices, it seems natural to look at which among these properties (e.g. commutativity, integrality,
distributivity) may be relaxed without compromising the twist representation. We accomplish
our task considering two different approaches to twist-products: the original approach due to
Rasiowa and the more recent one based on residuated lattices.

The algebraic models of Nelson’s logic were first introduced (by H. Rasiowa, after D. Nelson’s
original presentation of the logic) in a language which featured a (non-residuated) intuitionistic-
like implication (known in the literature as weak implication, and usually denoted by →), and
were later shown to be term equivalent to a class of integral residuated lattices. In the setting of
Nelson algebras no problem arises, for the neutral element of the semigroup operation – which,
by integrality, coincides with the top element of the associated lattice order – is a term definable
algebraic constant; in fact, Nelson algebras can be characterized as precisely those N4-lattices
on which the defining term (x → x) is constant. In the non-integral setting of N4-lattices,
however, the neutral element is no longer definable (such an element may not exist at all), and
must therefore be introduced through a primitive nullary operation – if one wishes, that is,
to study the models of paraconsistent Nelson’s logic within the theory of residuated lattices.
The class of N4-lattices enriched with such an extra constant is investigated in [1] under the
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name of eN4-lattices (another paper [3] uses the more suggestive name of Nelson paraconsistent
lattices)1.

This problem necessarily carries over to more general algebras. The paper [2] introduced
a twist construction which determines a class of residuated lattices (dubbed Kalman lattices)
that are commutative and involutive, but not necessarily integral nor distributive. The Kalman
lattices of [2] include as subvarieties eN4-lattices but not N4-lattices2.

The preceding considerations entail that the two approaches to twist-products – the one
based on the strong implication (by which one obtains residuated structures) and the one based
on the weak implication (which generalizes directly Rasiowa’s construction of Nelson algebras)
– grow further apart as we consider more general structures. This, in turn, suggests that it may
be appropriate to pursue both approaches separately. In the present contribution we shall do so,
drawing inspiration directly from the twist constructions presented in [2, 3] and extending them
to a non-involutive setting. In particular, as far as the residuated lattice approach is concerned,
we shall generalize the Kalman lattices of [2] and the Nelson conucleus algebras of [3] by
simultaneously dropping the requirements of (i) involutivity of the negation, (ii) commutativity
of the monoid operation (thus we shall work with two residuated implications, the left and right
residuals of the monoid operation), and (iii) integrality of the factor algebras employed in the
twist construction. With regards to the other approach, we shall generalize the Rasiowa-type
algebras of [3] (i) by allowing the negation to be non-involutive and (ii) by not postulating the
existence of a neutral element for the semigroup operation; as in the preceding case, here too
we shall be dealing with two (“weak”) implications.
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