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The proof theory of modal logics has seen enormous progress during the last three decades. In the
couse of the years, several proof systems have been defined for modal logics: nested sequents [8, 23, 19],
hyper sequents [7, 17] and labeled systems [22, 21]. Moreover, we understand the relation between
display calculus and nested sequents [12] and hyper sequents [13], and we have focused proof systems
for classical and intuitionistic modal logics [20, 9, 10]. However, none of these formalisms provide an
answer the question

When are two proofs the same?

The standard approach to this question is to define a proof as an equivalence class of sequent calculus
derivations modulo these permutations. In this regard, focused proof systems considerably reduce the
rule permutations in the sequent calculi by grouping rules into phases and could be considered a good
candidate for a notion of proof equivalence. Nevertheless, because of the sequential nature of the focused
systems, derivations differing for the order of phases are still considered different proofs even if they
could be transformed the one into the other via rule permutations, making this approach unsatisfactory
to answer this question.

In this talk we propose an answer to this question by defining a notion of proof equivalence for some
modal logics based on the syntax of combinatorial proofs presented in [4, 2, 5]. For these logics we
define the following notion of proof identity:

Two proofs are the same iff they have the same combinatorial proof.

Combinatorial proof are a proof system introduced by Hughes in [15, 16], providing a proof system
to address the question of proof identity for classical propositional logic and Hilbert’s 24th problem [26,
25]. They capture rules permutations, among which as the ones required in the cut-elimination procedure
of sequent calculus, and allow to compare proofs in different proof formalisms (see Figure 1), such as
sequent calculus [16, 15], calculus of structures [24], resolution calculus and analytic tableaux [3].
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Figure 1: A sequent calculus proof, a combinatorial proof, and a deep inference derivation representing
the same proof.

A combinatorial proof is defined as a specific graph homomorphism (the dotted lines in Figure 2)
from a graph provided with a partition on its vertices (the blue edges in Figure 2) satisfying certain
topological conditions, to a graph encoding a formula (represented by the formula itself in Figure 2).
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Figure 2: A combinatorial proof of Pierce’s law ((a V b) A @) V a and a combinatorial proof the formula
O(a A b) Vv Oa Vv Ob, that is, the proof of the axiom K := 0O(a D b) D (0a > Ob).

More precisely, the graph homomorphism captures the resource management part of a proof, that
is, resources erasing and duplications. In case of modalities satisfying the the modal axioms T and
4, the homomorphism also capture these transformations. The partitioned graphs represents a linear
proof, that is, a proof where each atom is used exactly once. For modal logic, the partition also gather
the modalities corresponding to the same rule for the modal axioms K and D. The partition satisfies
specific topological conditions, guaranteeing the possibility of reconstruct a correct derivation using the
information contained by the graph.

In this talk we present combinatorial proofs for the modal logics S4-plane and, more in general, non-
normal monotonic logics (see the S4-tesseract in [18]). To show soundness and completeness results,
we prove a decomposition theorem for these logics by defining hybrid sequent calculi making use of
certain deep inference rules [6]. We then prove that the linear part and the resource management part
of the proof constructed using this theorem are in correspondence with the partitioned graph and the
graph homomorphism of a combinatorial proof. To conclude, we prove that the topological conditions
characterising combinatorial proofs can be checked in polynomial time with respect to the size of the
graphs, that is, combinatorial proofs are a proof system in the sense of Cook Reckhow [11].

We then present the syntax of combinatorial proofs for intuitionistic logic [14], which relies on
similar methods, but different formula encodings and topological conditions, and the combinatorial
proofs for the constructive modal logic of the S4-plane [2]. For these combinatorial proofs, we prove
a full completeness result (not achievable in the classical setting), and we highlight their relations with
winning innocent strategies from game semantics [1].
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Figure 3: A combinatorial proof of the formula (((b A ¢) D b) D a) D (a A a) and a combinatorial proof
of the modal axiom K := O(a D b) D (Oa D Ob).

We conclude the presentation with some remarks on the proof equivalence for modal logics induced
by this syntax. In particular, we show which rule permutations of the sequent calculus are captured
by the proof equivalence defined by the combinatorial proofs syntax, and we explain why certain rule
permutations make the complexity of the equivalence problem for these logic non-polynomial. As
consequence of this later result, we rule out the possibility of a syntax which, at the same time, is a
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proof system (in the sense of [11]) and captures all rule permutations.
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