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Basic Fuzzy Logic (BL for short) was introduced by Hájek in [7] to formalize fuzzy logics
in which the conjunction is interpreted by a continuous t-norm on the real segment [0, 1] and
the implication by its corresponding adjoint. The equivalent algebraic semantics for BL, in
the sense of Blok and Pigozzi, is the variety of BL-algebras BL. Many algebraic properties of
BL-algebras correspond to logical properties of BL. For example, and what is our concern, the
elements of free algebras in BL are in correspondence with equivalence classes of formulas in
the logic. This is why many attempts to study free BL-algebras have been accomplished in the
last decades. Some of these studies, like [6] and [4], describe free algebras in subvarieties of BL-
algebras from an structural point of view, considering the representation of the algebra as weak
boolean product of directly indecomposable BL-algebras over the Stone Space corresponding
to a free Boolean algebra. Some others, as [9] and [2] present a functional description of the
elements of the free algebra.

In [5] there is a functional representation of the free algebra in the subvariety of BL-algebras
generated by a chain which is the ordinal sum of the standard MV-algebra [0, 1]MV and a basic
hoop H, that is, generated by [0, 1]MV⊕H. The main advantage of this approach, is that unlike
the work done in [3] and [2], when the number n of generators of the free algebra increase the
generating chain remains fixed. This provides a clear insight of the role of the two main blocks
of the generating chain in the description of the functions in the free algebra: the role of the
regular elements and the role of the dense elements.

We will focus on the particular case of the variety MG, the variety generated by the ordinal
sum of the standard algebra [0, 1]MV and the Gödel hoop [0, 1]G. As a logical counterpart, this
variety MG has also an equational characterization as a subvariety of BL, given by adding the
equation

(¬¬x → x)2 = ¬¬x → x

to the axioms of Basic Logic. This equation show that in our variety, the dense elements are
idempotent. The t-norm that generates this variety (which we call MG t-norm) is the function
t : [0, 1]2 → [0, 1] defined by

t(x, y) =

{
max{0, x+ y − 1

2} if x, y ∈ [0, 1
2 );

min{x, y} otherwise.

The functions in the free algebra FreeMG(n) can be described by decomposing the domain
of the functions ([0, 1]MV ⊕ [0, 1]G)n in a finite number of pieces. On each piece a function
F ∈ FreeMG(n) coincides either with a function in FreeMV(n) or a function in FreeG(m), for
some m ≤ n.

*Speaker.



It is well known that there exists a one-to-one correspondence between subvarieties of BL-
algebras and axiomatic extensions of the BL-logic, through a natural translation between alge-
braic equations and logical axioms. Therefore, when we study a family of subvarieties of BL
and their equational bases, we also obtain the corresponding axiomatic extensions of BL. In [1]
there is a description of the lattice of subvarieties of BL, but in our case we will completely de-
scribe the lattice of subvarieties of a particular subvariety: MG. For this purpose, we will first
characterize the join-irreducible subvarieties in the lattice and then show that every subvariety
is a join of finite join-irreducible varieties in the lattice. With that results, we will then give an
equational characterization for every subvariety in the lattice.

Finally, we give a characterization for every subvariety of MG as a finite product of algebras
given by the restriction of the functions in FreeMG(n) over some rational points and their
neighbourhoods. This result, extends the characterization given by G. Panti in [10] for all
subvarieties of MV and the description of the algebra FreeMG(n) given in [8], since we give in
this case a description of the free algebra for every subvariety of MG.
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