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Bezhanishvili, Jim de Groot and Tommaso Moraschini.

The paper
itself is partially based on my Master thesis [Dmi21], supervised by
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Positive modal logic and duality

Duality is a classical tool for studying modal and intermediate
logics [BRV01, CZ97].

Sahlqvist canonicity and correspondence results are some of
the important applications of the duality theory [SV89].
In [CJ99], Celani and Jansana developed a Priestley-like
duality for modal distributive lattices, leading to Sahlqvist
theory for positive distributive modal logic.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Positive modal logic and duality

Duality is a classical tool for studying modal and intermediate
logics [BRV01, CZ97].
Sahlqvist canonicity and correspondence results are some of
the important applications of the duality theory [SV89].

In [CJ99], Celani and Jansana developed a Priestley-like
duality for modal distributive lattices, leading to Sahlqvist
theory for positive distributive modal logic.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Positive modal logic and duality

Duality is a classical tool for studying modal and intermediate
logics [BRV01, CZ97].
Sahlqvist canonicity and correspondence results are some of
the important applications of the duality theory [SV89].
In [CJ99], Celani and Jansana developed a Priestley-like
duality for modal distributive lattices, leading to Sahlqvist
theory for positive distributive modal logic.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Going beyond distributivity

There have been many attempts to extend classical duality
theory to to the setting of all lattices, for example by:

Urquhart [Urq78],
Hartonas [Har19, HO19],
Gehrke and van Gool [GVG14],
Goldblatt [Gol20].

However, each of these uses either a ternary relation, or
two-sorted frames, making them quite different from known
dualities, such as Stone and Priestley dualities.
Instead, we concentrate on the the duality for
meet-semilattices developed by Hofmann, Mislove and Stralka
[HMS74] and its generalization to lattices by Jipsen and
Moshier [MJ14].
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Priestley duality

Distributive Lattices Priestley Spaces

Prime filters with patch topology

Clopen upsets

Definition
A Priestley space is a tuple (X ,≤, τ), where ≤ is a partial order
and τ is a topology space, such that

(X , τ) is compact,
If x ̸≤ y , then there exists a clopen upset U such that x ∈ U
and y ̸∈ U.
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HMS duality

Bounded Semilattices HMS spaces

Non-empty proper filters with patch topology

Clopen filters

Definition
An HMS space is a tuple (X ,∧, τ), where ∧ is a meet and τ is a
topology space, such that

(X , τ) is compact,
If x ̸≤ y , then there exists a clopen filter a such that x ∈ a
and y ̸∈ a.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

HMS duality

Bounded Semilattices HMS spaces

Non-empty proper filters with patch topology

Clopen filters

Definition
An HMS space is a tuple (X ,∧, τ), where ∧ is a meet and τ is a
topology space, such that

(X , τ) is compact,
If x ̸≤ y , then there exists a clopen filter a such that x ∈ a
and y ̸∈ a.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

HMS duality

Bounded Semilattices HMS spaces

Non-empty proper filters with patch topology

Clopen filters

Definition
An HMS space is a tuple (X ,∧, τ), where ∧ is a meet and τ is a
topology space, such that

(X , τ) is compact,

If x ̸≤ y , then there exists a clopen filter a such that x ∈ a
and y ̸∈ a.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

HMS duality

Bounded Semilattices HMS spaces

Non-empty proper filters with patch topology

Clopen filters

Definition
An HMS space is a tuple (X ,∧, τ), where ∧ is a meet and τ is a
topology space, such that

(X , τ) is compact,
If x ̸≤ y , then there exists a clopen filter a such that x ∈ a
and y ̸∈ a.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Lattice duality
The following duality is a modified version of the duality introduced
by Jipsen and Moshier [MJ14].

Lattices L-spaces

Non-empty proper filters with patch topology

Clopen filters

Definition
An L-space is an HMS space such that for every pair of clopen
filters a, b, the filter a ⋎ b := a ∪ b ∪ ↑{x ∧ y | x ∈ a, y ∈ b} is
clopen as well.
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Language

Definition
Let L denote the language of positive propositional logic, i.e.
generated by the grammar

ϕ ::= p | ⊤ | ⊥ | ϕ ∧ ϕ | ϕ ∨ ϕ,

Definition
A consequence pair is simply an expression of the form ϕ P ψ,
where ϕ and ψ are formulae in L.
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Axioms and rules
Let L be the smallest set of consequence pairs closed under the
following axioms and rules:

top and bottom

ϕ P ⊤, ⊥ P ϕ,

reflexivity and transitivity

ϕ P ϕ,
ϕ P ψ ψ P χ

ϕ P χ
,

the conjunction rules

ϕ ∧ ψ P ϕ, ϕ ∧ ψ P ψ,
χ P ϕ χ P ψ

χ P ϕ ∧ ψ
,

the disjunction rules

ϕ P ϕ ∨ ψ, ψ P ϕ ∨ ψ, ϕ P χ ψ P χ

ϕ ∨ ψ P χ
.
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Algebraic semantics

Lattices naturally form semantics for L.

Applying duality, L-spaces with a clopen valuation, assigning
to each proposition letter a clopen filter, also form semantics
for L.
This gives rise to completeness as usual.
But we can also forget about the topology and look at the
valuations of the underlining L-frame.
This gives rise to the Sahlqvist results.
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L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧).

The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.

We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if

JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it,

and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

L-models

An L-model (X ,∧,V ) is an L-frame (semilattice) with a valuation
that assigns to each proposition letter a filter of (X ,∧). The
interpretation JϕK of ϕ ∈ L is given by

J⊤K = X J⊥K = ∅
JpK = V (p) Jϕ ∧ ψK = JϕK ∩ JψK

Jϕ ∨ ψK = JϕK ∪ JψK ∪ ↑{x ∧ y | x ∈ JϕK, y ∈ JψK}

It can be shown that the interpretation of every formula is a filter.
We say that a frame (X ,∧) validates the consequence pair ϕ P ψ if
JϕK ⊆ JψK for every model based on it, and write (X ,∧) ⊩ ϕ P ψ.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Sahlqvist results

Notation
If X is an L-space, then we write κX for its underlying L-frame.

Theorem
Let ϕ P ψ be a consequence pair of L-formulae.

1 ϕ P ψ locally corresponds to a first-order formula with one
free variable.

2 For every L-space X, if X ⊩ ϕ P ψ then κX ⊩ ϕ P ψ.
3 If Γ is a set of consequence pairs, then L(Γ) is sound and

complete with respect to the class of L-frames validating all
consequence pairs in Γ.
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Sketch of the proof of Sahlqvist canonicity
The technique is similar to that of Sambin and Vaccaro [SV89].

We need to show that if a consequence pair is validated by all
clopen valuations, then it is validated by all valuations in
general.
We first prove an analogue of the intersection lemma, saying
that any closed valuation is an intersection of the clopen
valuations extending it.
Then we construct a minimal valuation, which turns out to be
closed. Therefore, being validated by all clopen valuations
implies being validated by the minimal valuation, which implies
being validated by all valuations.
An alternative approach to Sahlqvist correspondence and
canonicity for non-distributive logics has been undertaken by
Conradie and Palmigiano in [CP19]. But this approach is
purely algebra based and does not use duality theory.
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F 2-completions

Definition

The double filter completion or F 2-completion of a lattice L is the
lattice of all filters of an L-space dual to L.

Corollary

Every variety of lattices is closed under taking F 2-completions.

This is an analogue of the result by Baker and Hales [BH74,
Theorem B] that ideal completions preserve lattice equations. Our
Sahlqvist results also give a proof via duality for this theorem and
extend it to the modal case.
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Positive modal logic

Move to modal logic

We extend the logic from above with modal operators
and .

As before, we define modal L-frames, modal L-models, modal
lattices, modal L-spaces.
We also establish duality and obtain (more restricted)
Sahlqvist results.
But our turns out to not be necessarily normal. Moreover,
we are forced to add seriality (⊤ P ⊤).
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Modal L-frames

A modal L-frame is an L-frame with a binary relation R such that:

1 If x ≤ y and yRz , there exists a w such that xRw and w ≤ y ;

2 If x ≤ y and xRw , there exists a z such that yRz and w ≤ z ;
3 If (x ∧ y)Rz , there exist v ,w such that xRv and yRw and

v ∧ w ≤ z ;
4 If xRv and yRw then (x ∧ y)R(v ∧ w);
5 For all x there exists an y such that xRy .
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Modal L-models

A modal L-model is a a modal L-frame with a valuation V that
assigns to each proposition letter a filter of (X ,∧).

Propositional connectives are interpreted as before, and

J ϕK = {x ∈ X | ∀y ∈ X , xRy implies M, y ⊩ ϕ}
J ϕK = {x ∈ X | ∃y ∈ X such that xRy and M, y ⊩ ϕ}
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Modal lattices

Lemma
The following modal consequence pairs are valid in all modal
L-frames:

⊤ P ⊤ ⊤ P ⊤ ⊥ P ⊥ (top, seriality & bottom)
(p ∧ q) P p ∧ q p P (p ∨ q) (monotonicity)
p∧ q P (p∧q) p∧ q P (p∧q) (normality & duality)

Definition
A modal lattice (A, , ) is a lattice A with two maps
, : A → A satisfying the inequalities above.

We denote the corresponding logic by L .
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Modal L-spaces

Definition
A modal L-space is a tuple X = (X ,∧, τ,R) such that:

1 (X ,∧, τ) is an L-space, R is a binary relation on X , and each
x ∈ X has an R-successor;

2 If a is a clopen filter, then so are [R]a := {x ∈ X | R[x ] ⊆ a}
and ⟨R⟩a := {x ∈ X | R[x ] ∩ a ̸= ∅};

3 We have xRy iff for all clopen filter a,
x ∈ [R]a implies y ∈ a, and
y ∈ a implies x ∈ ⟨R⟩a.

It can be shown that (X ,∧,R) is a modal L-frame.
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Modal duality

Modal Lattices Modal L-Spaces

Non-empty proper filters with pRq iff −1(p)⊆q⊆ −1(p)

Clopen filters with [R] and ⟨R⟩
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Sahlqvist consequence pairs

Definition
A boxed atom is a formula of the form · · · p.

A Sahlqvist antecedent is a formula made from boxed atoms,
⊤ and ⊥ by freely using ∧, ∨ and .
A Sahlqvist consequence pair is a consequence pair ϕ P ψ
where ϕ is a Sahlqvist antecedent.

Note that (a ∨ b) P a ∨ b (the normality of ) is a Sahlqvist
consequence pair.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Sahlqvist consequence pairs

Definition
A boxed atom is a formula of the form · · · p.
A Sahlqvist antecedent is a formula made from boxed atoms,
⊤ and ⊥ by freely using ∧, ∨ and .

A Sahlqvist consequence pair is a consequence pair ϕ P ψ
where ϕ is a Sahlqvist antecedent.

Note that (a ∨ b) P a ∨ b (the normality of ) is a Sahlqvist
consequence pair.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Sahlqvist consequence pairs

Definition
A boxed atom is a formula of the form · · · p.
A Sahlqvist antecedent is a formula made from boxed atoms,
⊤ and ⊥ by freely using ∧, ∨ and .
A Sahlqvist consequence pair is a consequence pair ϕ P ψ
where ϕ is a Sahlqvist antecedent.

Note that (a ∨ b) P a ∨ b (the normality of ) is a Sahlqvist
consequence pair.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Sahlqvist consequence pairs

Definition
A boxed atom is a formula of the form · · · p.
A Sahlqvist antecedent is a formula made from boxed atoms,
⊤ and ⊥ by freely using ∧, ∨ and .
A Sahlqvist consequence pair is a consequence pair ϕ P ψ
where ϕ is a Sahlqvist antecedent.

Note that (a ∨ b) P a ∨ b (the normality of ) is a Sahlqvist
consequence pair.

Anna Dmitrieva (University of East Anglia) Positive (Modal) Logic Beyond Distributivity



Duality
Positive logic

Positive modal logic

Sahlqvist results

Theorem

Let ϕ P ψ be a Sahlqvist consequence pair.
1 ϕ P ψ locally corresponds to a first-order formula with one

free variable.
2 For every modal L-space X, if X ⊩ ϕ P ψ then κX ⊩ ϕ P ψ.
3 If Γ is a set of Sahlqvist consequence pairs, then L (Γ) is

sound and complete with respect to the class of L-frames
validating all consequence pairs in Γ.
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Thank you for your attention!
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Morphism slides

An HMS morphism is a continuous meet-semilattice morphism.
An L-morphism from (X ,∧) to (X ′,∧′) is a meet-preserving
function f : (X ,∧) → (X ′,∧′) that satisfies for all x ∈ X and
y ′, z ′ ∈ X ′: if y ′ ∧ z ′ ≤ f (x) then there exist y , z ∈ X such
that y ′ ≤′ f (y) and z ′ ≤′ f (z) and y ∧ z ≤ x .

x
f (x)

y z

f (y) f (z)

y ∧ z

y ′ z ′

y ′ ∧ z ′

f

f

f

An L-space morphism is a continuous L-morphism.
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Morphism slides

A bounded L-morphism from (X ,∧,R) to (X ′,∧′,R ′) is a
function f : X → X ′ such that f : (X ,∧) → (X ′,∧′) is an
L-morphism and for all x , y ∈ X and z ′ ∈ X ′:

1 If xRy then f (x)R ′f (y);
2 If f (x)R ′z ′ then there exists a z ∈ X such that xRz and

f (z) ≤ z ′;
3 If f (x)R ′z ′ then there exists a w ∈ X such that xRz and

z ′ ≤′ f (w).

A modal lattice homomorphism is a lattice homomorphism
that preserves modal operators.
A modal L-space morphism is a continuous bounded
L-morphism.
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