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Background
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A={1,a,b,c,d..}

F = AIF AF|F 2 F |oF |oF

The modal logic CK is the smallest set of formulas containing:

@ any instance of an intuitionistic theorem ;
@ any instance of the axiom o(A > B) > (0A) > (oB);
@ any instance of the axiom 0(A > B) > (¢A) > (¢B)

and closed for :
@ modus ponens: if A and A D B arein CKso is B;
@ necessitation: if A isin CK so is DA.
@ substitution: if A isin CKsois A[By/ai,...,Bn/an]
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Theorem

There is a derivation 2 of the sequent+ A iff A € CK.

Theorem

There is a procedure P that turns every derivation & in which the cut rule is used
in a derivation 2’ of the same sequent in which the cut rule is never used.
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Proof Semantics

{-3: {derivations} — {mathematical objects }

g - {2}

Denotational Semantics

I~ = {2}=(27'}
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Denotational Semantics for Constructives Modal Logics (Bellin-De
Paiva-Ritter)

{A-termes}
B-reduction

Morally

{Proofs}
Cut elimination
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Game Semantics

Game semantics for constructive modal logic 7/30



{Derivations} — {Winning Strategies}

DF —  Winning Strategy over[[F]

@ [[F] is a finite graph representing F;
@ A strategy is a particular set of plays over [F];
@ A play is a particular sequence of nodes of [F].
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Arenas

Let G and H two bi-colored DAGS and let 0 be the empty DAG.

G+H | G-H | G~H | G0 = 0~0 | 0~0
T By 12
> > > 0 o
>
> > >
lal = a [1=0 [AABI=[AI+[B]  [A> Bl =[A]l-=[B]
[DA] = o~[A] [0A] = o~[A]

Game semantics for constructive modal logic 9/30



Arenas

Each vertex v of an arena has a polarity. Such a polarity, positive (o) or
negative (e), is the same as that of the occurrence of the atomic formula
(or modality) of A that labels v.

[(aanb)>c]l = [aab] — el

[a>(b>c)l = [a] - [boc]
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An intuitionistic move in [F] is a node v of [ F] labeled by a
propositional variable. It is a P-move if v is of negative polarity and an
0O-move otherwise

An intuitionistic play for F is a finite alternate sequence of moves of [F]
such that:

@ O-starts : the first node of the sequence is an arena-root.

@ any move w of the play, but the first, is justified by a preceding move
made by the other player : w—v in the arena ;

@ each O-move is justified by the immediately preceding P-move.

@ each P-move w has the same label as the immediately preceding
O-move: if v is labeled by a so is w.
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Let's playon [((aAa)>b)>a>b]

a\a\
a5 by b,
(o] P (o]
€
)
€ b0
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Let's playon [((aAa)>b)>a>b]

a\aw\
a5 by b,
(o] P (o]

€

€ bg

€ bg b1P
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Let's playon [((aAa)>b)>a>b]

a5 by b,
(o] P (o]
€
e b
e b b1P
€ b;?> bP a2
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Let's playon [((aAa)>b)>a>b]

32\3\
a5 by b,
(o] P (o]

€

€ bg

€ bg b1P

€ b% bP a%

e bp by a af
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A strategy is a plan of action.

For any move that my Opponent can make, there is a move | can make
that will eventually led me to victory.

Game semantics for constructive modal logic 13/30



Winning Strategy

If o and p are two plays over [A]l, we say that p is a successor of ¢ iff
p = ov forsome v € [A].

A Winning Strategy S for F is a non-empty finite prefix-closed set of plays
over [F] such that :

O-completeness: if p € S has even length, then any successor of p
belongs to S;

P-determinism and totality: if p € S has odd length, then exactly one
successor of p belongs to S.
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A strategy for ((ana)>b)>a>b

ag b1 *bo
(o) P (o)
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consider the following strategy over [Oa > a]l

|
g

ar—4,
P (0]

S = {eal ah)

. this formula is not a theorem of CK'!
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Well batched strategies

the address of a vertex v € [A] is the sequence of modalities

add, = my, ... mg in the path in the formula tree of F connecting the node
v to the root of F.

A play p is well batched whenever it respects the following:
@ every move of p is either a &-modality or a propositional variable.
@ if p = o v® wP then |add,,| = |add,|;

A winning strategy is well batched iff any of its plays is well batched.
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..it is not enough, consider [(0a > ob) > o(a > b)]

P o)
] o
¢
b,

St
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..it is not enough, consider [(0a > ob) > o(a > b)]

P o)
o o
¢
b,

e

S = {bg by ap a1}

this is a well batched winning strategy
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AlL... Ay C° B;,...,By.D*+ F°

(m]

(@A) (A F@CY K (@B ... (0B (0D) + (OF)
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AP APt CO BP,...,BP,DP + FO

(01A1)P, ... (0,A,)P + (TC)° (01B1)P, ..., (0nBm)P, (OD)P + (OF)° K®

Game semantics for constructive modal logic 20/30



..againon [(oa > ob) > o(a > b)]

P o

o
§ SXS

0
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iven two modalities m and m’ and a play p, we write m2m’ whenever
y

m = add;, m" = add,‘{ where v and v’ are two consecutive moves in p and
v’ is a P-move.

----0 O----0
bo b1 aop aq

o) P o P

the reflexive, transitive and symmetric closure of the relation ® contains
two positive modalities .
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Winning modal strategies

Let S be a winning, well batched strategy. We say that S is well framed iff
for any p € S, any 2-class is of the form {mP, ... mF, m®)

A winning well framed strategy S is a modal strategy iff for any o € S for
any modal node m® appearing in the address of some move v of o

@ if m=othen m’ = oforany m'Zm;

@ if m = ¢ then there is a unique m’® = ¢ such that m2n.
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Results
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Theorem

Given two modal strategies S for A > B and T for B > C we can define
their composition S ; 7 which is a modal strategy for B > C. Moreover
(S$;7),R=S8;(T:R).

Theorem

There is a function {—} mapping any derivation & of + A to a winning
strategy { Z} for A dubbed its interpretation. Moreover:

@ If 2 reduces to 2’ in 0 or more steps of cut elimination, then
{7) =2’}
@ for any winning strategy S, there is a proof 2 such that S = {2}}.
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Perspectives
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Déduction naturelle pour CK

[Ar---An]
OA4 OA, C K
oC =
[Ar--- AL A]
OA4 oA, OA C
oC oK
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CT=CKU{(BAD>A)A(ADOA)|forany A € F}

CS4 = CTU{(0A > OoA) A (©0OA D OA)|forany A € 7}
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Thank You !

Game semantics for constructive modal logic 30/30



