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Our investigation goes in the direction of gaining a better

understanding of the lattice of subvarieties of residuated lattices.

In particular we study properties of those varieties that are join

irreducible or strictly join irreducible in the lattice of subvarieties.

Kihara and Ono (2008) showed that in the presence of integrality

and commutativity join irreducibility of a variety is characterized by

both a logical property, Halldén completeness, and by an

algebraic property of the generating algebras, well-connectedness.

We show how both these notions can be generalized for

non-integral, non-commutative subvarieties of RL, characterizing

join irreducibility in a large class of residuated lattices, that include

for instance all normal varieties, representable varieties, and

ℓ-groups.

A key role is played by results implicit in Galatos (2003) concerning

the axiomatization of the join of varieties of residuated lattices.
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Residuated lattices

A residuated lattice is an algebra A = ⟨A,∨,∧, ·, /, \, 1⟩ where
1 ⟨A,∨,∧⟩ is a lattice;

2 ⟨A, ·, 1⟩ is a monoid;

3 / and \ are the right and left divisions w.r.t. ·, i.e. x · y ≤ z i�

y ≤ x\z i� x ≤ z/y .

Residuated lattices form a variety RL; for an axiomatization,

together with the many equations holding in these very rich

structures, see Blount-Tsinakis (2003).

A residuated lattice A is integral if it satis�es the equation x ≤ 1;

it is commutative if · is commutative; we will denote by CRL the

variety of commutative residuated lattices, and by CIRL the variety

of commutative and integral residuated lattices.
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Halldén completeness and well-connectedness

The concept of well-connected algebra was introduced by L.

Maksimova (1986) to characterize the disjunction property in

intermediate logics, i.e. those logics L for which the corresponding

algebraic semantics is a variety of Heyting algebras.

A logic L has the disjunction property if whenever L ⊢ φ ∨ ψ,
then either L ⊢ φ or L ⊢ ψ.

Likewise an integral residuated lattice A is well-connected if 1 is

join irreducible, i.e. a ∨ b = 1 implies either a = 1 or b = 1.

A weaker property is Halldén completeness; a logic L is Halldén
complete if it has the disjunction property w.r.t. to any pair of

formulas that have no variables in common.

Classical logic is Halldén complete but does not have the

disjunction property, thus di�erentiating the two concepts.
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Kihara and Ono's results

Theorem

Kihara-Ono (2008) For a variety V of commutative and integral

residuated lattices the following are equivalent:

1 LV is Halldén complete;

2 V is join irreducible;

3 V = V(A) for some well-connected algebra A.

Theorem

Kihara-Ono (2008) If V is a variety of commutative and integral

residuated lattices and there is a subdirectly irreducible algebra A
with V = VVV (A), then V is join irreducible.
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One can extend the de�nition of well-connectedness to the

nonintegral case is a natural way: a residuated lattice A is

well-connected if 1 is join prime in A, i.e. a ∨ b ≥ 1 implies

a ≥ 1 or b ≥ 1.

Moreover it is easy to see that neither integrality nor commutativity

are needed to prove that (3) implies (2) in Kihara-Ono's Theorem.

The other implications however do not hold in the general case; an

analysis of the Kihara-Ono construction reveals at once that there

are two critical points.

If V is a variety of commutative residuated lattices then:

• every subdirectly irreducible algebra in V is well-connected;

• if W,Z are subvarieties of V axiomatized (relative to V) by

p ≥ 1 and q ≥ 1 (and we make sure that p and q have no

variables in common), then W ∨ Z is axiomatized relative to V

by p ∨ q ≥ 1.
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Both statements are false if we remove commutativity; for the �rst

it is easy to �nd a �nite and integral residuated lattice that is

simple but not well-connected, while the second fails fore more

general reasons discussed at length in Galatos (2004).

To �nd a solution we must delve deeper into the structure of

residuated lattices.
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Congruence �lters

A �lter F of a residuated lattice A a subset of A that is a lattice

�lter containing 1 and is closed under multiplication; let

A+ = {a : a ≥ 1} and for any θ ∈ Con(A)

A+/θ =
⋃

{a/θ : a ≥ 1}

A congruence �lter is a �lter that is equal to A+/θ for some

θ ∈ Con(A).

Congruence �lters form an algebraic lattice and the two mappings

θ 7−→ A+/θ F 7−→ θF = {(a, b) : a/b, b/a ∈ F}

are mutually inverse order preserving maps from Con(A) to the

congruence �lter lattice of A.

A residuated lattice is normal if every �lter is a congruence �lter

and a variety of residuated lattices is normal if each of its members

is normal.
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Iterated conjugates

To determine which varieties are normal a description of the

congruence �lter generated by a subset is in order.

We de�ne la(x) = a\xa ∧ 1 and ra(x) = ax/a ∧ 1 and we call them

the left and right conjugates of x with respect to a.

An iterated conjugate in A is a unary term γa1(γa2(. . . γan(x)))
where a1, . . . , an ∈ A and γai ∈ {lai , rai} for i = 1 . . . n, n ∈ N.
We will denote with Γn(A) the set of iterated conjugates in A of

length n (i.e. a composition of n left and right conjugates).

Lemma

Let A be a residuated lattice and let X ⊆ A; then the congruence

�lter generated by X in A is the set

F(X ) = {b ∈ A : γ1(a1) . . . γn(an) ≤ b, n ∈ N, a1, . . . , an ∈ X ∪ {1},
γi ∈ Γk(A) for some k ∈ N, i = 1 . . . n}.
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The trick

We de�ne a set Bn(x , y) of equations in two variables x , y for all

n ∈ N in the following way; let Γn be the set of iterated conjugates

of length n (i.e. a composition of n left and right conjugates) over

the appropriate language, with Γ0 = {l1} .

For all n ∈ N
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Varieties of residuated lattices satisfying Gn,n+1 are those for which

we can prove our theorems since:

Lemma

Let V be a variety of residuated lattices and let p(x1, . . . , xn) ≥ 1,

q(y1, . . . , ym) ≥ 1 be two inequalities not holding in V. If W and Z

are the subvarieties axiomatized by p ∧ 1 ≈ 1 and q ∧ 1 ≈ 1

respectively, then W ∨ Z is axiomatized by the set

B(p, q) =
⋃

n∈N Bn(p, q). Moreover if V satis�es (Gl ,l+1) for some

l ∈ N, then W ∨ Z is axiomatized by the �nite set B l(p, q).
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Γ-connectedness and Γ-completeness

A residuated lattice A is Γn-connected if for all a, b ∈ A, if
γ1(a) ∨ γ2(b) = 1 for all γ1, γ2 ∈ Γn(A), then either a ≥ 1 or

b ≥ 1.

Lemma

Let V be a variety of residuated lattices that satis�es (Gn,n+1).
Then every subdirectly irreducible algebra in V is Γn-connected.

Finally we complete the connections with logics: a logic L is

Γn-complete if for all formulas ϕ and ψ which have no variables in

common, if L ⊢ Bn
L(ϕ, ψ) then either L ⊢ ϕ or L ⊢ ψ.
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The main results

Theorem

Let V be a variety of residuated lattices satisfying (Gn,n+1) for

some n ∈ N; then the following are equivalent.

1 LV is Γn-complete;

2 V is join irreducible;

3 V = VVV (A) for some Γn-connected algebra A.

Theorem

Let V be a variety of residuated lattices that satis�es (Gn,n+1) for

some n ∈ N. Then V is join irreducible if and only if there is a

subdirectly irreducible algebra A ∈ V such that VVV (A) = V.
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(G0,1) can be expressed in a way that makes it easier to check:

Lemma

Let V be a variety of residuated lattices; V satis�es (G0,1) if and

only if it satis�es the quasiequation

x ∨ y ≈ 1 ⇒ lw (x) ∨ rz(y) ≈ 1.

Any normal variety of residuated lattices satis�es (G0,1).

Every representable (i.e. every subdirectly irreducible is totally

ordered) variety of residuated lattices satis�es (G0,1).

Every variety of ℓ-groups satis�es (G1,2).
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Applications

Varieties of basic hoops (and BL-algebras): a description of all the

strictly join irreducible subvarieties in term of the generating

subdirectly irreducible algebras.

Varieties of generalized rotations: this is relevant, since the

construction allows us to lift properties of basic hoops to some

unexplored parts of the lattice of subvarieties of MTL-algebras.

Linear varieties, i.e. varieties whose lattice of subvarieties is a

chain; results on representable residuated lattices and a complete

description for basic hoops.

Strictly join irreducible varieties of residuated lattices, Journal of

Logic and Computation, 32 (2021), 32-64.
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THANK YOU!
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