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PRELIMINARIES [EESSNOINH

DEFINITION

A t-norm is a binary operation : [0;1]2 ¥ [0;1] which satis es the following
conditions:

@ is commutative and associative.

@ is non decreasing in both arguments, i.e., for every x;y;z 2 [0;1]
X yimpliesx z y zandz x z v,

@1 x=xand0 x =0 forevery x 2 [0;1].

A continuous t-norm is a t-norm which is continuous as a map from [0; 1]? into
[0; 1]. For every continuous t-norm a residuum can be de ned by:

x z yifandonlyif x z ¥y:
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@ is non decreasing in both arguments, i.e., for every x;y;z 2 [0;1]
X yimpliesx z y zandz x z v,

@1 x=xand0 x =0 forevery x 2 [0;1].

A continuous t-norm is a t-norm which is continuous as a map from [0; 1]? into
[0; 1]. For every continuous t-norm a residuum can be de ned by:

x z yifandonlyif x z ¥y:

The algebra ([0;1]; ; ¥;max;min;0;1) is the standard algebra associated with
the continuous t-norm
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PRELIMINARIES [EENOISYE

EXAMPLES

Q Lukasiewicz t-norm: x |y =max(0;x +y 1)
Lukasiewicz implication: x ¥y =min(1;1 x+vY),
@ Godel t-norm: x ¢y = min(x;y),
Godel implication:

y if x>vy;
T — )
X ZcY 1 if x y:
@ Product t-norm: X py =X VY,
Goguen implication:
y=x if x>y;
[ — X
X =py 1 if x
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EXAMPLES

Q Lukasiewicz t-norm: x |y =max(0;x +y 1)
Lukasiewicz implication: x ¥y =min(1;1 x+vY),
@ Godel t-norm: x ¢y = min(x;y),
Godel implication:

y if x>vy;
T =
X ZcY 1 if x y:
@ Product t-norm: X py =X VY,
Goguen implication:
y=x if x>y;
n =
X =py 1 if x

The algebras ([0; 1]; oG 5™N01), (01 65 B 57%0;1) and
([0;1]; p; ¥p;_;"™0;1) are the tukasiewicz, Godel and Product standard

algebras, respectively.
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IINARIES [ESSNOIIVE]

If (ai;bi)i2) is a family of disjoint intervals, with 0 @ <b; 1 such that 'isa
continuous t-norm on (a;; b;j), we define for every x;y 2 [0;1] a continuous t-norm
called ordinal sum of t-norms by:

X fabg Y IFX0Y 2 (ai;bi);

x¥= minfx;yg otherwise:
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T-NORMS

If (ai;bi)izi is a family of disjoint intervals, with 0 & < bj

1 such that

is a

continuous t-norm on (a;; b;j), we define for every x;y 2 [0;1] a continuous t-norm

called ordinal sum of t-norms by:

oy Xy XY 2Gib)

minfx;yg otherwise:
Yy X
' '
a, b =a, b,=a, T b =a, b,=a
Xky
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If (ai;bi)i2) is a family of disjoint intervals, with 0 @ <b; 1 such that 'isa
continuous t-norm on (a;; b;j), we define for every x;y 2 [0;1] a continuous t-norm

called ordinal sum of t-norms by:

oy Xy XY 2Gib)

minfx;yg otherwise:
Yy X
' ' ]
a b=a  b=a T b =a, b =a b,
Xky
Yy X
| } ]
a b=a, T b=a, b =a, b =a b,
X*y

THEOREM (MOSTERT-SCHIELDS)

Every continuous t-norm is the ordinal sum of a family of Lukasiewicz, Godel and
product t-norms.
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Hooprs AND BL-ALGEBRAS

Hooprs AND BL-ALGEBRAS

DEFINITIONS

A hoop is an algebra A = (A; ; ¥;>) of type (2;2;0), where (A; ;>)isa

commutative monoid such that for every x;y;z 2 A:
QXY x=>

Ox (xTy)=y (v Ix),

Qx ¥ (yrz)y=(x y) Uz
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A basic hoop es is a hoop which satis es the equation
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Hooprs AND BL-ALGEBRAS

DEFINITIONS

A hoop is an algebra A = (A; ; ¥;>) of type (2;2;0), where (A; ;>)isa

commutative monoid such that for every x;y;z 2 A:
QXY x=>
9x (xTy)=y (v ¥x),
Qx ¥ (yrz)y=(x y) Uz

A basic hoop es is a hoop which satis es the equation

A BL-algebra is a bounded basic hoop, i.e., an algebra A = (A;

; 1,7?,>) of

type (2;2;0;0) such that (A; ; ¥;>) is a basic hoop and ? is the minimum of A.
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Hooprs AND BL-ALGEBRAS

In every basic hoop A we can define the operations
xAy:=x (x Ly)=y (y ¥x);

x_y=(xTy)Ly)~(y Tx)¥x)
and then (A;”;_;>) is a distributive lattice.

N. LuBoMirsky (UNLP - CONICET)

SEPT. 2022

6/35



Hooprs AND BL-ALGEBRAS

In every basic hoop A we can define the operations
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x_y=(xTy)Ly)~(y Tx)¥x)
and then (A;”;_;>) is a distributive lattice.

THEOREM (CiGNoOLI, ESTEVA, GODO, TORRENS)

The class of BL-algebras is the variety generated for all the algebras given by
continuous t-norms.
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In every basic hoop A we can define the operations
xAy:=x (x Ly)=y (y ¥x);

x_y=(xTy)Ly)~(y Tx)¥x)
and then (A;”;_;>) is a distributive lattice.

THEOREM (CiGNoOLI, ESTEVA, GODO, TORRENS)

The class of BL-algebras is the variety generated for all the algebras given by

continuous t-norms.

Varicty of
BL-algebras

BL
Varicety of Varicty of Variety of
MV-algebras  Godel algebras Product algebras
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Hooprs AND BL-ALGEBRAS

ORDINAL SUMS

DEFINITION

Let A=hA; a; T a;>iand B="hB; g; ¥g;>1 be two hoops such that
A\ B = f>g. We can de ne the ordinal sum of A and B as the hoop
A B=hA[B;;¥;>;i, where the operations and ¥ are given by:

8 :
3 XAy if X;y 2 A
x gy If X;y 2 B;
X y=
= X if x2Anf>q;y2B;
Ty if y2Bnf>g; x 2 A:
8
§X!Ay if X;y 2 A;
x gy if X;y 2 B;
xby=
= = > if x2Anf>g;y2B;
Ty if y 2A; x2B:
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SUBVARIETY MG

THE SUBVARIETY MG

Godel hoops are the ?-free subreducts of Godel algebras. The standard Godel
hoop will be denoted by [0; 1]c.

N. LuBoMirsky (UNLP - CONICET) SEPT. 2022 8/35



SUBVARIETY MG

THE SUBVARIETY MG

Godel hoops are the ?-free subreducts of Godel algebras. The standard Godel
hoop will be denoted by [0; 1]c.

MG = V([0;1]mv  [0;1]c)
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THE SUBVARIETY MG

Godel hoops are the ?-free subreducts of Godel algebras. The standard Godel
hoop will be denoted by [0; 1]c.

MG = V([0;1]mv  [0;1]c)

This variety is generated by the t-norm which we called MG t-norm
tme : [0;1]% ¥ [0;1] defined by

max(0;x +y 3) ifx;y 20;3);

tve (X;y) = min(x;y) otherwise:

N. LuBoMirsky (UNLP - CONICET)

SEPT. 2022 8/35



SUBVARIETY MG

THE SUBVARIETY MG

Godel hoops are the ?-free subreducts of Godel algebras. The standard Godel
hoop will be denoted by [0; 1]c.

This variety is generated by the t-norm which we called MG t-norm
tme : [0;1]% ¥ [0;1] defined by
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Moreover, it is the subvariety of BL given by the identity

(zzx ¥ x)? :-:x ¥x
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THE SUBVARIETY MG

Godel hoops are the ?-free subreducts of Godel algebras. The standard Godel
hoop will be denoted by [0; 1]c.

MG = V([0;1]mv  [0;1]c)

This variety is generated by the t-norm which we called MG t-norm
tme : [0;1]% ¥ [0;1] defined by

max(0;x +y 3) ifx;y 20;3);

tve (X;y) = min(x;y) otherwise:

Moreover, it is the subvariety of BL given by the identity

(zzx ¥ x)? :-:x ¥x
BL
MG
LG
T~
MY GA P
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THE LATTICE OF SUBVARIETIES (MV)
For n;k 1 we define

L, = [(Z;n),
Lt =rz z;(m0),

where Z has the natural order and Z Z is the product of two copies of Z ordered
lexicographically.
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THE LATTICE OF SUBVARIETIES (G)

Hetch and Katrifak proved that the subvarieties of the variety of Godel algebras

form a chain, but since the Godel hoops are the subreducts of these algebras, the
results can be naturally extended for our case.
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THEOREM
If A'is a join-irreducible element in the lattice of subvarieties of MG then A is the
variety generated by A B with A is a chain in MV and B is a chain in G such
that

A2fL,:n2Ng[fLl :n2Ng[f0;1]mvg

B 2 G, : n 2 Ng [ f[0; 1]c0.

SEPT. 2022 11/35
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THEOREM

If A'is a join-irreducible element in the lattice of subvarieties of MG then A is the
variety generated by A B with A is a chain in MV and B is a chain in G such
that

A2fL,:n2Ng[fLl :n2Ng[f0;1]mvg
B 2 G, : n 2 Ng [ f[0; 1]c0.

COROLLARY

The join-irreducible elements in the lattice of subvarieties of MG form an ordered
lattice.

(2 D(N)) (¥'+1)
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THEOREM

Any subvariety U of MG is generated by a nite number of chains A B with
A2flL,:n2Ng[fLl :n2Ng[f[0;1]mvg and B 2 G, : n 2 Ng [ f[0; 1]cg.
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THEOREM
Any subvariety U of MG is generated by a nite number of chains A B with
A2flL,:n2Ng[fLl :n2Ng[f[0;1]mvg and B 2 G, : n 2 Ng [ f[0; 1]cg.

Idea of the proof:
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COROLLARY

Any variety in A(MG) is a join of nitely many varieties generated by a single
chain A Bwhere A2 fL,:n2Ng [fL' :n 2 Ng [ f0;1]mvg and

B 2 fGn : n 2 Ng [ f[0; 1]c0.
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EQUATIONAL BASES

EQUATIONAL BASES

LEMMA (D1 NOLA - LETTIERI)
Forn 2, the subvariety V(L) of MV is characterized by the identity:
((n+1)x")2 S 2xMH A ((pxP )M B (n+1)xP) 1( )

for every positive integer 1 < p < n such that p is not a divisor of n.
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EQUATIONAL BASES

EQUATIONAL BASES

LEMMA (D1 NOLA - LETTIERI)
Forn 2, the subvariety V(L) of MV is characterized by the identity:

((n+1)x")2 S 2xMH A ((pxP )M B (n+1)xP) 1( )

for every positive integer 1 < p < n such that p is not a divisor of n.

LeEmMA (D1 NOLA - LETTIERI)

For n 2, the subvariety V(L,) of MV is characterized by the identity:

((N+1)x")? S M) A((pxP )™ S (n+1xP)A(n+1)x9 S (n+2)x) 1
(n)

for every positive integer 1 < p < n such that p is not a divisor of n and every
integer g such that 1 < g < n and q divides n.
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EQUATIONAL BASES

EQUATIONAL BASES

LEMMA (HECHT - KATRINAK)
For n 2, the subvariety V(Gy) of G is characterized by the following identity:

n+1
(i Bxig1) 1(n)

i=1
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EQUATIONAL BASES

EQUATIONAL BASES

THEOREM

If A is a subvariety of MV characterized by the identity land Bisa
subvariety of G characterized by the identity 1, then A B is a subvariety of
MG characterized by the identity

0 0

L

where ° is the term given by substituying : -x for every variable x in  and "is
the term given by substituying - -y ¥ vy for every variable y in

v
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EQUATIONAL BASES

EQUATIONAL BASES

THEOREM
n
If A is a subvariety in the lattice of subvarieties of MG given by A =" A, for n
i=1
subvarieties Az;:::; An, where every variety A; is generated by a chain A; B;
where A 2 fL, :n 2 Ng [ fL;" : n 2 Ng [ f[0; 1]mvg, and there are identities
i(xq;e ;xl'(i) 1 associated with each variety A;, then, the variety A as a
subvariety of MG is given by the identity
A(Xll;...;Xr%l;...;xr};...;xl?n) 1
where
n
A(Xll;...;xr}l;...;X?;...;Xgn) I(Xi;.”;xll(.)
i=1
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EQUATIONAL BASES

EXAMPLE

Suppose that we have the variety A = V(L21 Gi;La  G3).
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EQUATIONAL BASES

EXAMPLE
Suppose that we have the variety A = V(L21 Gi;La  G3).
.. L. 13
g3(_ _x1)2)2{7$ 2(z:x )} 1

(1)

{3(::x2 ¥ x2)2 5 (z:x? ;’\ (z:x3)?)P $3(z:x2 ))i 1

2(x?)

TER U B (i Txdy) 1

= Iy }

1(63:x3:x3)

(zoxt ) S (zaxty Txy) 1

= &z }

Bogbogboybd.yb
a(X{5%g X5 1Xg %5 )

SEPT. 2022 18 /35

N. LuBoMirsky (UNLP - CONICET)



EQUATIONAL BASES

EXAMPLE
Suppose that we have the variety A = V(L21 Gi;La  G3).

g3(: :x1)2)2{7$ 2(: :x1)3}’ 1

(1)

(3( x2 ¥ x2S (: :x2)?’\((: :x?)?)® B 3(: :x2))i 1

2(x2)

(zox® T x) B (zxP, TxYy) 1

I- Iy }

1(63:x3:x3)

T I S (2t Txty) 1

I- &z }

Bogbogboybd.yb
a(X{5%g X5 1Xg %5 )

Hence, A is characterized as a subvariety of MG by the identity

izl(xl) 11%35%3)) _ (_2(x?) 4(Xf:X§;X§;XZ‘2X§‘)g L

{z
Loy 2ey3ey3ey3eybogdoyd.yd. 4
(x15x25x35x3 %3 X7 1 X5 1% x4 ixg)
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FREE ALEBRAS

FREE ALGEBRAS: THE CASE OF MV-ALGEBRAS

THEOREM (MCNAUGHTON)

The free n-generated MV-algebra is the subalgebra of M, of all continuous
piecewise linear functions f : [0;1]" ¥ [0; 1] where each one of the nitely many
linear pieces has integer coe cients.
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Let V be a point in [0; 1]", we denote by
Freemv(n) V:=F[f]:g 2 [f]if f(V) =g(V);for f;g 2 Freepmv(n)g
Freemv(n) (V) :=F[(f;U)]: (g;V) 2 [(f; U)] if f(X) = g(X) for every X 2 U\V
where f; g 2 Freepav(n) and U; V are open sets such that Vv 2 U\ Vg:

N. LuBoMirsky (UNLP - CONICET) SEPT. 2022 20/35



FREE ALEBRAS

Let V be a point in [0; 1]", we denote by
Freemv(n) V:=F[f]:g 2 [f]if f(V) =g(V);for f;g 2 Freepmv(n)g

Freenmv(n) (V) :=F[(f;U)] : (g;V) 2 [(f; V)] if f(X) = g(X) for every X 2 U\V
where f; g 2 Freepav(n) and U; V are open sets such that Vv 2 U\ Vg:

THEOREM (PANTTI)
Fix n > 0 be a natural number and let

V =V(fL; L g [N Lte)

be a proper subvariety of MV. Let X be the set of rational points of the n-cube

nite product

Y
Freey(n) = Freemv(n) u Freepmv(n) (v):
u2xXny v2Y

— = = = S le!
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Free algebras: the case of G odel hoops
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Free algebras: the case of G odel hoops

8 _ 9
3 xi=x it x;% 2 X (9 for somek 2 1;:::5rg 3

xi<x if x2X ®;x2X Ofork<|
Ry = _x2[0;1]": [r
3 xi<x if x2X M2 x ® 3
k=1

21/35
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Free algebras: the case of G odel hoops

8 _ 9
E xi=x if X;x2X “";forsomekal;:::;rgE
xi<x if x2X ®;x2X Ofork<| =

Ry = _x2[0;1]": [r
2 xi<x if x2X M2 x ®

k=1

W

X1 is a subchain oK, if r gandX{= X,for1 i r.
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FREE ALEBRAS

FREE ALGEBRAS: THE CASE OF GODEL HOOPS

We define the Godel chain X = hX1;:::: X T if X1 X" are subsets of
fX1; 110X such that XI\ X = ,|f|&]and Xi6;: 8 =1::;

o
xi=x if x;x2X forsomek2f1"";rg§

¢ 2 0] X <x if xiZX(k),xJZX ) fork <1
X ; :

W AW

C
xi<x if xi2X ;2 x ® =
k=1

Given two Godel chains X; = hX[;:::; X[i and Xy = hXg;::: ; X2, we say that
X1 is a subchain of X, ifr @ and X' X' forl i .

We say that a set of Godel chains defines a Godel forest if no chain in the set is
subchain of other chain.
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FREE ALEBRAS

FREE ALGEBRAS: THE CASE OF GODEL HOOPS

oo N if X 2 Rx; and x; 2 X'
X~ 1 otherwise.
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FREE ALEBRAS

FREE ALGEBRAS: THE CASE OF GODEL HOOPS

oo N if X 2 Rx; and x; 2 X'
X~ 1 otherwise.

THEOREM (AGUZZOLI, BOvA, GERLA)

A function f : [0;1]§ ¥ [0;1]¢ is in Freeg(n) if and only if there is a Godel forest
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FREE ALEBRAS

Freeg, (n)

THEOREM (AGUZZOLI, BOVA, GERLA)
A function f : [0;1]g, ¥ [0;1]g, is in Freeg, (n) if and only if there is a Godel forest

that
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FREE ALEBRAS

Freeg, (n)

THEOREM (AGUZZOLI, BOVA, GERLA)
A function f : [0;1]g, ¥ [0;1]g, is in Freeg, (n) if and only if there is a Godel forest

X containing the chains Xi;:::; Xy Where no chain has height greater than | such
that
AT\
f = ij:
j=1
THEOREM

The algebra Freeg, (n) is isomorphic to the quotient of the algebra Freeg(n) over
the principal Iter generated by the forest where every maximal chain has height
I+ 1.
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FREE ALEBRAS

Freenmc(n)

g[0; 1)y ;=X 2 [0;1]}yy : Xi =1 forsome 1 i ng:
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FREE ALEBRAS

Freenmc(n)

g[0; 1)y ;=X 2 [0;1]}yy : Xi =1 forsome 1 i ng:

For every Z = (z1;:::;20) 2 ([0; 1]mv  [0;1]c)" we define the projections:
6(2) = (@115 g,) 2[0;1]8
and
mv(Z) = (23105 2k ) 2 [0 1]y

N. LuBoMirsky (UNLP - CONICET) SEPT. 2022

26 /35



FREE ALEBRAS

Freenmc(n)
g[0; 1)y ;=X 2 [0;1]}yy : Xi =1 forsome 1 i ng:
For every Z = (z1;:::;20) 2 ([0; 1]mv  [0;1]c)" we define the projections:
6(2) = (@115 g,) 2[0;1]8
and
mv(Z) = (23105 2k ) 2 [0 1]y
If X = (Xq;:::5%) 2 [0; 1]}y we define:

and we say that X is the cyllindrification of X.
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Freeuc (n)

A functionF : ([0;1]wv [0;1]c)"! A is inFreays (n) if and only if the
following conditions hold:

For everyx 2 ([0;1]uv)", F (x) = f(x) for somef 2 Fregquy (n).
For everyx 2 g[0; 1%, such thatF (x) < 1, F (y) = F (x), for everyy 2 x.
There is a unimodular triangulation of the rational polyhedra
U= fx 2 g[0; 1]y : F (x) = 1g such that for everys 2
1, =1, for everyy;z2 S 2
there is a functiong 2 Frees(jlyj) (for any y 2 S) such that

F ()= 9( p;16(X)
for everyx 2 v 2 S , where

S =fz2S: w(2)isin the interior of wv(S)g:
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An implicative lter (simply Iter from now on) in a BL-algebra (or basic hoop)
A is a subsef A satisfying that 12 F and ifx 2 F andx! y 2 F then
y2F.
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A is a subsef A satisfying that 12 F and ifx 2 F andx! y 2 F then
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For everyx 2 [0; 1]}, , let Fx be the lter in Freesc (n) generated by a function
F«x 2 Freays (n) such that:
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An implicative lter (simply Iter from now on) in a BL-algebra (or basic hoop)
A is a subsef A satisfying that 12 F and ifx 2 F andx! y 2 F then
y2F.

For everyx 2 [0; 1]}, , let Fx be the lter in Freesc (n) generated by a function
F«x 2 Freays (n) such that:

Fx(x) =1,
Fx(y) =1 for everyy 2 x,
Fx(y) < 1 for everyy 2 [0; 1]5,, nfxg.

If x is a rational point contained iff0; 115, such thatden(x) = m andjxj = d,
and F is the lter in Freayc (n) generated by a functiofry 2 Frequg (n), then
the algebraFregq,g (n)=F« is isomorphic toL,, Frees(d).
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EXAMPLE

Let F(1;1y  Freemc(2) be the filter localized in (1;1). We know that a function
F 2 Freenmc(2) is contained in F(y;1) if and only if F(1;1) = 1 and for every
(x;y) 2 [0; 1] such that x <Yy, then either F(x;y) =y or F(x;y) = 1.

If we consider the classes in Freeng(2)=F(1;1), we have that it is isomorphic to
Lo, Freeg(2), since two functions Fy; Fa 2 Freenpmc(2).

[011]6

1,1)

N3
Qs
&

01wy [01]g 01wy 01 O 01wy [01]g

[0,1]mv
<,
%
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FILTERS

For every X 2 [0; 1]y and ¥ 2 ([0; 1]mv)" ng([0; 1]mv)" let Fiz,y) be the principal
filter in Freemc(n) generated by a function Fiz.y) 2 Freensg(n) such that:

o Fiz;y)(Z) = 1 forevery Z =X+ ¥, for some 2[0;1),

o Fiz.y)(Z) <1foreveryZ6& X+ y, for some 2[0;1),
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FILTERS

For every X 2 [0; 1]y and ¥ 2 ([0; 1]mv)" ng([0; 1]mv)" let Fiz,y) be the principal
filter in Freemc(n) generated by a function Fiz.y) 2 Freensg(n) such that:

o Fiz;y)(Z) = 1 forevery Z =X+ ¥, for some 2[0;1),

o Fiz.y)(Z) <1foreveryZ6& X+ y, for some 2[0;1),

DEFINITION

Given an MV algebra A, the radical of A, written Rad(A) is the intersection of all
maximal filters of A.
A subalgebra S of L} is full if it has infinite elements and S=Rad(S) = L.
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FILTERS

For every X 2 [0; 1]y and ¥ 2 ([0; 1]mv)" ng([0; 1]mv)" let Fiz,y) be the principal
filter in Freemc(n) generated by a function Fiz.y) 2 Freensg(n) such that:

o Fiz;y)(Z) = 1 forevery Z =X+ ¥, for some 2[0;1),

o Fiz.y)(Z) <1foreveryZ6& X+ y, for some 2[0;1),

DEFINITION

Given an MV algebra A, the radical of A, written Rad(A) is the intersection of all
maximal filters of A.
A subalgebra S of L} is full if it has infinite elements and S=Rad(S) = L.

THEOREM

If X is a rational point contained in [0; 1]y, such that den(X) = m and jXj =d,
and ¥ is a rational point contained in ([0; 1]mv)" n g([0; 1]mv)" then the algebra
Freeme (n)=Fix.y) is isomorphic to A;  Freeg(d), where A; is a full subalgebra of
Ln:';, for somei 2 f0;:::;m 1g.
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EXAMPLE

Let F1  Freeng(2) be the prime filter localized in (1;1) and associated with the
index u = f(0; 1)g. We know that a function F 2 Freepg(2) is contained in Fy
if and only if F(3;1 a) =1 for every a 2 [0; ).

We are now in the case when Fyyy & MV(%;I).

If we consider the classes in Freenpg(2)=F1, we have that it is isomorphic to a full
subalgebra of L21, since two functions F1; F, 2 Freepg(2) are in the same class in
the quotient whenever for some >0, F1(3;1 a) =Fy(3;1 a) for every
az2io; ).

o |

=) o) 7

= NS - Ny

S M ’ O 7 N

—_ ’\\@ Q"\\t\
[01lmv  [0,1]g 01y [0l 01wy [01]g N
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GENERALIZATIONS

THEOREM

If X is a rational point contained in [0; 1]}, such that den(X) = m and jXj =d,
and | is a natural number, with | n, then the algebra Freenpsg(n)=Fx; is
isomorphic to L,  Freeg,(d).
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GENERALIZATIONS

THEOREM

If X is a rational point contained in [0; 1]}, such that den(X) = m and jXj =d,
and | is a natural number, with | n, then the algebra Freenpsg(n)=Fx; is
isomorphic to L,  Freeg,(d).

THEOREM

If X is a rational point contained in [0; 1]}, such that den(X) = m and jXj =d,

and y is a rational point contained in ([0; 1Jmv)" n g([0; 1]mv)" then the algebra
Freemc (N)=Fix;y); is isomorphic to A;  Freeg, (d), where A; is a full subalgebra
of L}, for somei 2 f0;:::;m 1g.

Let Freenpg(n) (xy be the algebra of equivalence classes of pairs (F;U), with

F 2 Freemc(n) and U an open set in [0; 1]}, which contains X. Two such pairs
(F1; Uy) and (F2; Uy) are equivalent if F; = F5 on U; \ Uy, and the operations are
inherited from Freeps(n).
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Freey(n)

THEOREM
Fixn2NandletV=V(Lm, Gi;::ijLlm Gi;Li Gj;iinLg Gj)bea
proper subvariety of MG. Let X be the set of rational points of the cube [0; 1]}y

Y Y
A= Freenmc(n) i, Freenmc(n) @)y
x2X y2y

where Iy = minfn; Og(X)g, ly = minfn; Og(y)g and (X) is the image in A of the
i-th projection X; 2 Freepg(n), then the subalgebra Freey (n) of A generated by
T i(X) : 1 <ngis the free algebra over n generators in V, where the elements

i(X) are the free generators and

Og(X) := maxfij : L  Gj 2V and den(X) divides mg:

q
1

= = SaReu
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