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Ecumenism

Ecumenism usually denotes the search of unity between religions.

In this line of work, it means unity between logics: classical and intuitionistic.

Proof theory: simple distinction at the level of deductive rules.

I propose an answer using the tools of proof theory (Girard, Liang and Miller, ...)

Prawitz: what makes a connective classical or intuitionistic?

de Paiva, Pereira and Pimentel: develop this approach and
its proof theoretical properties (analyticity, harmony, purity, separability)

This work: what makes a modality classical or intuitionistic?

I with strong proof theoretical properties
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Ecumenism in logic
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Motivation

What is behind Ecumenism?

For a classical logician A ∨ ¬A holds. For an intuitionistic logician it does not.

But why (and where) do they disagree? One or more conclusions. (Gentzen)

A⇒ A
init

⇒ A,¬A ¬R

⇒ A ∨ ¬A ∨R

?
A⇒ ⊥
⇒ ¬A ¬R

⇒ A ∨ ¬A ∨R2

On the rules they use? On the proofs they allow?

A solution: They are not talking about the same connective(s) (Prawitz 2015)
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Ecumenical connectives and rules

Γ,A,¬B ⇒ ⊥
Γ⇒ A→c B

→c R

Γ,¬A,¬B ⇒ ⊥
Γ⇒ A ∨c B

∨cR

Γ,∀x .¬A⇒ ⊥
Γ⇒ ∃cx .A

∃cR

Classical

Γ,⊥ ⇒ C
⊥L

Γ⇒ A Γ⇒ B
Γ⇒ A ∧ B

∧R

Γ⇒ A[y/x ]

Γ⇒ ∀x .A ∀R

Shared

Γ,A⇒ B

Γ⇒ A→i B
→i R

Γ⇒ Aj

Γ⇒ A1 ∨i A2
∨iRj

Γ⇒ A[a/x ]

Γ⇒ ∃ix .A
∃iR

Intuitionistic

(Pimentel, Pereira, de Paiva 2020)
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Back to excluded middle

A ∨c ¬A is valid but not A ∨i ¬A

Γ,¬A,¬B ⇒ ⊥
Γ⇒ A ∨c B

∨cR
Γ,¬A⇒ A

Γ,¬A⇒ ⊥ ¬L
Γ⇒ Aj

Γ⇒ A1 ∨i A2
∨iRj

¬A⇒ ¬A init

¬A,¬¬A⇒ ⊥ ¬L

⇒ A ∨ ¬A ∨cR

?
A⇒ ⊥
⇒ ¬A ¬R

⇒ A ∨ ¬A ∨iR2
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Ecumenism for modal logic
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Classical Modal Logic

I Formulas: A ::= p | ⊥ | A ∧ A | A ∨ A | A→ A | ¬A | �A | ♦A
I Duality by De Morgan laws and ¬�A↔ ♦¬A

I Axioms: classical propositional logic and

k: �(A→ B)→ (�A→�B)

k2 : �(A→ B)→ (♦A→ ♦B)
k3 : ♦(A ∨ B)→ (♦A ∨ ♦B)
k4 : (♦A→�B)→�(A→ B)
k5 : ¬♦⊥

I Rules: modus ponens:
A A→ B

B
necessitation:

A

�A

I Semantics: Relational structures (W ,R)

a non-empty set W of worlds;

a binary relation R ⊆ W ×W ;

and a preorder ≤ on W .

(F�) u′ v ′
R

u

≤

v
R

≤

(F♦) u′
R

v ′

u

≤

R
v

≤
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Intuitionistic Modal Logic
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Classical modal proof theory

Sequent system: classical sequent calculus and

Γ⇒ A,∆
k�
�Γ⇒ �A,♦∆

Γ,A⇒ ∆
k♦
�Γ,♦A⇒ ♦∆

where ◦∆ = ◦A1, . . . , ◦An if ∆ = A1, . . . ,An for ◦ ∈ {�,♦}

Labelled sequent system: (Negri)

xRy , Γ, x : �A, y : A⇒ z : B,∆
�L

xRy , Γ, x : �A⇒ z : B,∆

xRy , Γ⇒ y : A,∆
�R y is fresh

Γ⇒ x : �A,∆

xRy , Γ, y : A⇒ z : B,∆
♦L y is fresh

Γ, x : ♦A⇒ z : B,∆

xRy , Γ⇒ y : A,∆
♦R

xRy , Γ⇒ x : ♦A,∆
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Intuitionistic modal proof theory

Restriction to one succedent?

Sequent system: intuitionistic sequent calculus and

Γ⇒ A
k�
�Γ⇒ �A

Γ,A⇒ B
k♦
�Γ,♦A⇒ ♦B

Labelled sequent system: (Simpson)

xRy , Γ, x : �A, y : A⇒ z : B
�L

xRy , Γ, x : �A⇒ z : B

xRy , Γ⇒ y : A
�R y is fresh
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xRy , Γ, x : �A, y : A⇒ z : B
�L

xRy , Γ, x : �A⇒ z : B

xRy , Γ⇒ y : A
�R y is fresh

Γ⇒ x : �A

xRy , Γ, y : A⇒ z : B
♦L y is fresh

Γ, x : ♦A⇒ z : B

xRy , Γ⇒ y : A
♦R

xRy , Γ⇒ x : ♦A

Completeness?
k1 : �(A→ B)→ (�A→�B)
k2 : �(A→ B)→ (♦A→ ♦B)

k3 : ♦(A ∨ B)→ (♦A ∨ ♦B)
k4 : (♦A→�B)→�(A→ B)
k5 : ¬♦⊥
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Completeness?

See Nicola’s talk tomorrow and https://prooftheory.blog.
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Ecumenical modalities

Ecumenical standard translation:

[�A]ex = ∀y(R(x , y)→i [A]ey )

[♦iA]ex = ∃iy(R(x , y) ∧ [A]ey ) [♦cA]ex = ∃cy(R(x , y) ∧ [A]ey )

Formulas: A ::=
pc | pi | ⊥ | A ∧ A | A ∨i A | A→i A | A ∨c A | A→c A | ¬A | �A | ♦iA | ♦cA

I ♦cA↔c ¬�¬A but ¬�¬A 6→i ♦iA.

I Restricted to the classical fragment: � and ♦c are duals.

Labelled modal rules:

x : �¬A, Γ⇒ x : ⊥
Γ⇒ x : ♦cA

♦cR

Classical

xRy , Γ⇒ y : A

Γ⇒ x : �A
�R

Shared

xRy , Γ⇒ y : A

xRy , Γ⇒ x : ♦iA
♦iR

Intuitionistic
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A pure and internal system

12 / 21



Getting rid of negation

LE

Γ,¬∆ ` C

Γ ` ∆;C

LCE

Γ,A ` B

Γ ` A→i B
→i R

Γ,A ` ∆;B

Γ ` ∆;A→i B
→i R

Γ,A,¬B ` ⊥
Γ ` A→c B

→c R
Γ,A ` B,∆; ·

Γ ` A→c B,∆; · →c R

labEK

x : �¬A, Γ⇒ x : ⊥
Γ⇒ x : ♦cA

♦cR
xRy , Γ ` y : A, x : ♦cA,∆; ·

xRy , Γ ` x : ♦cA,∆; · ♦cR

Pure labEK
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Internal: nested sequents

Nested sequents generalise sequents from a multiset of formulas

Sequent:

A,B,C

D

B

D,A

C

A ∨ B ∨ C ∨�(D ∨�B) ∨�(D ∨ A ∨�C ∨�E)

14 / 21



Internal: nested sequents

Nested sequents generalise sequents from a multiset of formulas
to a tree of multisets of formulas.

Nested sequent:

A,B,C

D

B

D,A

C E
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Internal: nested sequents

In the sequent term, brackets indicate the parent-child relation in the tree

Nested sequent:

A,B,C

D

B

D,A

C E

Γ = A,B,C , [D, [B]], [D,A, [C ], [E ]]

A ∨ B ∨ C ∨�(D ∨�B) ∨�(D ∨ A ∨�C ∨�E)
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Internal: nested sequents

In the sequent term, brackets indicate the parent-child relation in the tree
and can be interpreted as the modal �.

Nested sequent:

A,B,C

D

B

D,A

C E

Γ = A,B,C , [D, [B]], [D,A, [C ], [E ]]
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Internal: nested sequents

A context is obtained by removing a formula and replacing it by a hole

Sequent context:

A,B,C

{ }

B

D,A

C E

Γ{ } = A,B,C , [{ }, [B]], [D,A, [C ], [E ]]

A ∨ B ∨ C ∨�(D ∨�B) ∨�(D ∨ A ∨�C ∨�E)
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Internal: nested sequents

A context is obtained by removing a formula and replacing it by a hole
that can then be filled by another nested sequent.

Sequent context:

A,B,C

C

E B

D,A

C E

Γ{C , [E ]} = A,B,C , [C , [E ], [B]], [D,A, [C ], [E ]]

A ∨ B ∨ C ∨�(D ∨�B) ∨�(D ∨ A ∨�C ∨�E)
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Internal: nested sequents

This allows us to build rules than can be applied at any depth in the tree.

Sequent context:

A,B,C

C

E B

D,A

C E

Γ{C , [E ]} = A,B,C , [C , [E ], [B]], [D,A, [C ], [E ]]

A ∨ B ∨ C ∨�(D ∨�B) ∨�(D ∨ A ∨�C ∨�E)

14 / 21



Pure: stoup vs. store

Separate sequent’s RHS: inspired by the mechanism of LU (Girard 1991)

In nested sequents, the distinction between store and stoup is materialized as:

Λ ::= ∅ | A•,Λ | AO,Λ | [Λ] Γ ::= A◦,Λ | [Γ],Λ ∆ ::= Λ | Γ

Formula interpretation:

et(∅) ::= > et(A•,Λ) ::= A ∧ et(Λ)
et(AO,Λ) ::= ¬A ∧ et(Λ) et([Λ1],Λ2) ::= ♦iet(Λ1) ∧ et(Λ2)
et(Λ,A◦) ::= et(Λ)→i A et(Λ, [Γ]) ::= et(Λ)→i �et(Γ)
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Pure: stoup vs. store

Polarities:
A formula is called negative if its main connective is classical or the negation

N ::= pc | A ∨c A | A→c A | ♦cA | ¬A

and positive otherwise.

P ::= pi | ⊥ | A ∧ A | A ∨i A | A→i A | �A | ♦iA

I Negative formulas can be stored.

I Positive formulas are handled in the stoup.
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Putting it together

Between store and stoup:

Γ∗{PO,P◦}

Γ⊥
◦
{PO}

dec
Λ{NO,⊥◦}

Λ{N◦}
sto

Modal rules:

x : �¬A, Γ⇒ x : ⊥
Γ⇒ x : ♦cA

♦cR

∆⊥
◦

1

{
♦cAO,

[
AO,∆⊥

◦
2

]}
∆⊥

◦
1

{
♦cA

O,
[
∆⊥

◦
2

]} ♦Oc

Classical

xRy , Γ⇒ y : A

Γ⇒ x : �A
�R

Λ{[A◦]}
Λ{�A◦} �

◦

Shared

xRy , Γ⇒ y : A

xRy , Γ⇒ x : ♦iA
♦iR

Λ1{[A◦,Λ2]}
Λ1{♦iA◦, [Λ2]}

♦◦i

Intuitionistic
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Illustration

` ¬♦¬A→�A

is true for any A classically but not intuitionistically

Ecumenically:
For P positive (classical or negated)

`EK ¬♦i¬P→i�P

While for N negative (intuitionistic or neutral)

6`EK ¬♦c¬N→c�N

One advantage of the pure system is that this can see structurally without a
case analysis on P or N.
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Conclusions

Ecumenical systems may help us to have a better understanding of the relation
between classical logic and intuitionistic logic.

I what parts of a proof are intrinsically intuitionistic, classical or either?

Important remark:
It is true that we can prove (A ∨c B) ≡ ¬(¬A ∧ ¬B) in the ecumenical system,
but this analysis relies on having three different operators, ¬, ∨c and ∧.

I relations between results on negative translations and Ecumenical systems

Expanding this discussion to modalities is particularly interesting

I the challenges of constructive vs. intuitionistic modal logic

21 / 21



Conclusions

Ecumenical systems may help us to have a better understanding of the relation
between classical logic and intuitionistic logic.

I what parts of a proof are intrinsically intuitionistic, classical or either?

Important remark:
It is true that we can prove (A ∨c B) ≡ ¬(¬A ∧ ¬B) in the ecumenical system,
but this analysis relies on having three different operators, ¬, ∨c and ∧.

I relations between results on negative translations and Ecumenical systems

Expanding this discussion to modalities is particularly interesting

I the challenges of constructive vs. intuitionistic modal logic

21 / 21



Conclusions

Ecumenical systems may help us to have a better understanding of the relation
between classical logic and intuitionistic logic.

I what parts of a proof are intrinsically intuitionistic, classical or either?

Important remark:
It is true that we can prove (A ∨c B) ≡ ¬(¬A ∧ ¬B) in the ecumenical system,
but this analysis relies on having three different operators, ¬, ∨c and ∧.

I relations between results on negative translations and Ecumenical systems

Expanding this discussion to modalities is particularly interesting

I the challenges of constructive vs. intuitionistic modal logic

21 / 21



Conclusions

Ecumenical systems may help us to have a better understanding of the relation
between classical logic and intuitionistic logic.

I what parts of a proof are intrinsically intuitionistic, classical or either?

Important remark:
It is true that we can prove (A ∨c B) ≡ ¬(¬A ∧ ¬B) in the ecumenical system,
but this analysis relies on having three different operators, ¬, ∨c and ∧.

I relations between results on negative translations and Ecumenical systems

Expanding this discussion to modalities is particularly interesting

I the challenges of constructive vs. intuitionistic modal logic

21 / 21



Conclusions

Ecumenical systems may help us to have a better understanding of the relation
between classical logic and intuitionistic logic.

I what parts of a proof are intrinsically intuitionistic, classical or either?

Important remark:
It is true that we can prove (A ∨c B) ≡ ¬(¬A ∧ ¬B) in the ecumenical system,
but this analysis relies on having three different operators, ¬, ∨c and ∧.

I relations between results on negative translations and Ecumenical systems

Expanding this discussion to modalities is particularly interesting

I the challenges of constructive vs. intuitionistic modal logic

21 / 21


	Ecumenism in logic
	Combining classical and intuitionistic reasoning

	Ecumenism for modal logic
	Classical and intuitionistic modal logic
	Ecumenical modal logic

	A pure and internal system
	Nested sequents to replace labels
	Purity through stoup and polarities


