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HYPERABELIAN ALGEBRAS

Paolo Lipparini

Commutator theory in Universal Algebra gives us
the possibility of showing that seemingly different
methods and concepts used by ring and group theor-
ists are essentially similar. This, of course, is
true of Universal Algebra, but the analogies thus
discovered are far less evident than the ones which
led to the basic concepts of suostructure, congru-
ence... As an example, a consequence of our results
is that, in a certain sense, hyperabelian groups
are analogues of commutative rings coinciding with
their nilradical.

9,\€,L¥... denote (closed) elements of a given
closure system & over A y &, 0, X,... elements of
A:{ ) means "generated by". We suppose that a mono-
tone binary operation [_,‘] is defined on J# in such
a way that i) [@,6]9() ; and ii) [9,\{91541 im-
plies [9 v\{/,k()v‘fjgk{/ . Examples are the congruence
_system of an algebra and the commutator([dp; partic-

ularly the normal subgroups of a group and the com-

_mutator, or the bilateral ideals of an (associative)
ring and [I,J] =1J+J1. (0)

[a,b] stands.for [(a) , (b)] ;i a ‘=<Ca), and

1
nr )= a(n),a(nZ].j(is prime iff T(QI:Q,\F] im-
plies 1¢2H or ¢C2%’. This is the same of a prime
ideal in ring theory ([2}): if I2 JH+WJ implies I2J
or I2H , then I2KL implies I2LKLK, hence I21K .
. : . n0O .
define Q(y)=.\ 0 ;¢°(y)=y ;¢&y)=V 3@ ),

\/ b([G/eJS\‘!” E-(:O(

and g;ﬂ’):ueOn ¢*(y) . The following theorem gener-
izes [3, Th. 2.15], the result of $dukin quoted

ere and [2, Lemma 2.2.3].Putting [M,N] the commu-
tor of I and G, we also obtain [3, Th. 2.19].
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THEOREM.  Q(y)=(}{ Y2y 1 9(9)=1p }=ﬂ{3§;\y|
T is prime} =é;x0 ‘if (xn)nem
that Xn+lé'[xn y Xn] (n¢w), then for some m¢ W :
xmgg\y}. Moreover, if,for every a<€ A and neuba(n)

is a sequence such

is finitely generated, then g(%l) = {x Ifor’some-m
x(m>g\yg '+ If o satisfies the a.c.c. and [, ] is
diétributive then for some m:’ §(q}) <m)_C_ \V .

COROLLARY. If R is a unitary ring, then (| {P |

is a prime ideal of R} = {x lif (xn)n is a ge-

0 ew
quence such that for every néw there exist yn, Zn’
ith : = . -
wn w xn+l ynxnznxnwn y then for some m : xm O}

If, in addition, R satisfies the a.c.c. on bilat-
eral ideals, then the intersection of all primes is

the largest nilpotent ideal of R.

In groups §3(O) coincides with the limit of the
upper Filtting series, so it is natural to csall an
algebra hyperabelian iff in its congruence system
§(0)==1 . In this sense, hyperabelian commutative
rings are rings consisting of nilpotent elements.
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