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1 Preliminaries
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e Godel, Lukasiewicz and Product Logic are at the basis of the t-norm
based Logics

e Hajek found the common intersection of these three logic: Basic Logic

(1 1)

e Two questions:

— Which one to use to grasp the expressiveness of Fuzzy Logic?
— What about the union of those Logics?

e Esteva, Godo and Montagna introduced LII Logic (| I, [ 1,
| 1)

e It is a powerful Logic still having good algebraic properties.
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LPAlgebras
Goedel Product Lukasiewicz
Algebras Algebras Algebras

BL Algebras

Figure 1: Diagram of principal t-norm based Logics
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Definition 1.1. An LIT algebra is a structure

L= (L&, —r,=m,*m,0z, 1)
where :
1. (L,®,—1,0.)is a MV algebra
2. (L, =11, *11,0r, 17) is a Il algebra
B.xxg(y©2)=(r*1y) O (T *q 2)

4, A(I’ =) y) = <33 —al y) — Ly

This definition differs from the original one from | ] and was
introduced in [ I
Interesting enough the redundancy of axiom (4) is still open.
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Theorem 1.2 (Algebraic Completeness). £II ~ ¢ if, and only if, in any
LIl algebra o* = 1 holds.

Theorem 1.3 (Standard Completeness). LIl + ¢ if, and only if, in the
LIT algebra on the real interval |0, 1], o* = 1 holds.

Theorem 1.4. The category of linearly ordered Ll1 algebras and the cate-
gory of linearly ordered field are equivalent.

Theorem 1.5. The categories of L1 algebras and f-semifield are equivalent.
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e Obviously, Lukasiewicz and Product Logic are faithfully interpretable
in L.I1

e Godel Logic is faithfully interpretable in LII

e Takeuti and Titani’s Logic is faithfully interpretable in LIT;

e Pavelka’s Rational Logic is faithfully interpretable in LII;

e Pavelka’s Rational Product Logic is faithfully interpretable in LI13

Why stopping here??
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2 Fixed Points
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Fixed Points are presents in many field of Mathematics, Logic and Com-
puter Science

in Logic:

— Extensions of First Order Logic (LFP, PFP, IFP, etc.)

— modal p calculus

Based on operators defined on First Order structures
Their existence is based on Tarski’s fixed point Theorem
In Propositional Logic seems to be no simple solution...

...butin Many Valued Propositional Logic one can see formulas as func-
tions! In particular in our case they are continuous functions from |0, 1|
to itself
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Theorem 2.1 (Brouwer 1910). Every continuous function from a convex
compact to itself has a fixed point
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3 LIl Logic
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e To steek with continuous functions we will not allow fixed points of
formulas containing the symbol —

e For sake of readability we will use a fresh variable symbol x to denote
the variable falling under the scope of the fixed point operator.
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Definition 3.1. The Fixed Point LII Logic (uLIT1ogic for short) has the fol-
lowing theory:

1. Al the axioms and rules from LII Logic
2. px(T(z)) < T(p.2(T(x)))
3. (Nicn Ai & @) = (u-z(T(p1, .. pn)) < p-2(T(qr, -, qn)))

T(p)&p
4. The rule DI
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Definition 3.2. A ;LIT algebra is a particular LIT algebra endowed with an
operator p that satisfies the following condition for any term 7'(z) not
containing the symbol —;.

1. px(T(z)) =T (u.x(T(x)))
2.IfT(t) =tthen p.x(T(z)) <

3. Nicn Alpi & @) < (- év(T<p s Pn)) = p2(T(q, -5 qn)))

Proposition 3.3. uL11 algebras form a variety
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Theorem 3.4. ;1£11 Logic is algebraically complete, i.e. uLll+ o if, and only
if, in every utll algebra holds p* = 1

Lemma 3.5. Any ptll algebra is isomorphic to a subdirect product of lin-
early ordered n L1l algebras
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Theorem 3.6. Any lo. pill algebra is isomorphic to the interval algebra
of some real closed field, conversely every l.o. real closed field contains a
definable ntll algebra.

sketch. For any ¢ € R and any polynomial p(x) such that p(c) = 0 we can
translate p(x) in a term of the algebra p*(x). Now, considering the term

plz)=p'@) &

it is sufficient to take u.x(p'(z)) as the wanted element.
For the other direction just note that the existence of a fixed point for a
term of the algebra can represented as a first order formula of the form

vP3z(\/ \ P;())

el e

Now simply use Quantifier Elimination.... ]
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Theorem 3.7. 1. LI1 logic is standard complete, i.e. utllt- o if, and only if,
the 211 algebra on the real interval [0,1] models ¢* = 0
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e 1LIT Logic is decidable, due to Q.E. in real closed fields, but which is its
complexity?

e We allowed one the scope of 1 to be just one variable, what happens if
we allow more?

e Is possible to extend all the machinery to the first order?
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