
Lecture 3 26/3/24

Lemme 3 . 1 T h e l a t t i ce reduct of any b -group i s distributive.

Prof I t suffices to prove ✗ ✓ (gaz) = Evy/NEVE)

Sine X v (gaz) ≤ Xuy and X v (gaz) ≤ ✗ v z

w e obtain ✗ ✓ (yaz) ≤ Av y ) × ( ✗ v z ) .

F o r the other inequality s e t t - y a z . Then w e have

◦ ≤ y - ( gaz ) - y - t
" ⇒ ✗ ≤ y - t a x ≤ y - t + ( t a x )

Y + (-gu-z)
Since O f Eux ) - t w e obtain yey- t-Ctux )

O v "g-z

S o w e c a n conc lude X v y ≤ y - t + ( L u x ) a n d similarly

✗ V Z ≤ z - t e t u x )

Therefore, (Xy ) " (✗v z ) ≤ g-tteux) ✗ ( z - t + Eux)) =

- (Yaz) - t + ( v d = t u x = X v Ly n x ) ☐
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Lemme 3 . 2 I f i n a n l-group 1×+9 / ≤ 1×1+191 holds then
t h e l-group i s Abeliani

.

Prof
I t suffices t o prove tha t + i s commutative among

elements

of t h e positive c o m e .

=/-(Xxy)/,
Le t × , yea" ✗ t y = I x t y l e 1-y-× / ≤ t .g l + 1-×/ = l y t t i x i

= Y t X

By interchanging ✗ wi th y w e a lso obtain

y t x ≤ ✗ + y

☐
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teme 3 . 3 I f G i s a n b -group i f H i s a c o n v e x subgroup. of 4
t h e H i s a lso a s u b l a t t i ce

" ¥
Preliminary w e prove t h a t ✗ v y = ( x - g )

+
+ y

✗ v y = × - ( xays t y = * ( X v - g ) + y = Ore-g ) + y = (X-y)"

A l s o observe that X x y = - ( -XV- y )

Remember tha t a subgroup H i s c o n v e x i f f f x e a t h e . t l
◦ e x ≤ 1h1 ⇒ ✗ E H . I n particula this implies tha t

K e t t then N e t t becoun o c h e 1h1
.

S o t o prove that H i s a sublette
,
consider x iye .t l

then x-ye .t l # ( x- y+ )eH ⇒ Xv y - ( x - g )' + y e h

☐
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Lemme 3 .4 . Let f : G → H be a group homomorphism between l-groups.
T F A E :

ca) f i s a n e - homomorphism ( = group + lattice homomap.)

(% f- ( X t ) - (ex))'
(C)

x a y - 0 (✗ andy a r e orthogonal) ⇒ fexiafcy)-o
(d) f-(1×1) = / f a i / .

Prof a ⇒ b , a ⇒ e and a ⇒ d o r e clear.

( C ) ⇒ (b) Observe tha t a x b - o then a - ( a - b )+
.

Indeed, - a v - b - o
s o a = a + o = a + ( - a v - b ) = o r a - b = ( a -b)t .
R e c a l l t h a t ✗ +

✗ × ' - 0
, therefore f-(XT) × f-( x ) - o

group hanno

fex t ) - (at)-fax)) È (fix"-x-D" _ (fax))"

(b)⇒ c a ) f e x v y ) - f-G-g )' + g ) = f f x-y j ) + fey)

!

(ex-g)'+ f ly)
- (ex)-fly)/'+ fey) = fexufly)
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(d)⇒ (b) Preliminaly observe 2 × 7 : = ✗' + × ' = ☒V0 ) + (✗ v 0 ) -☒v0) + 1)✓ ☒voto)
= ( e ) + ×)✓ (✗+ ( -✗ v0)) =

= ✗ + (☒VOJVEXUO)) = ✗ + 1×1

2 f-( X t ) = f-( 2 × 1 ) = f ( ✗ +1×1) = f-( X ) + fCIXI) = f ix) + /fax/
"

2 H 'Hence 2 f-( x ) = 2 (f-(x))' by torsion-freeness

¥
0=271×+1-2 ((✗1)' = 2 (feat)-(ex)))

¥

fext)-(al)-o ⇒ fax)-(a)
+

☐
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I f ✗ ≤ G w e u n t e ( ( X ) for the smallest e - i dea l

containing ✗

tema 3 . 5 ( ( X ) = {gea / 1g/ ≤ Male . . . -+ * a l forse ✗e...net}

7 ¥
I t i s clear that ☐ must b e contained i n a l l l - i d e a l s

containing X
. Therefore, i t suffices t o prove tha t D

i s a n l - i d e a l . W e only need t o prove tha t D i s

a subgroup, because i t i s obvious that i t i s c o n v e x .

Le t g ,h E D ⇒ ∃ x e . - t a , y a . _ . y m E X s i t

I g le * + . . . + I t a l a n d H e /yale.._ + lym/ s o

Ig th/ ≤ 1g/+ 1h/ ≤lati...it/xul+lyalt...tlym/-
Henag+heD. ☐

Observe t h a t the subgroup generated by a family o f l - idea ls i s a n

l - i d e a l
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teme 3 . 6 The lett ice o f l - i d e a l s i s a complete Heyting algebra.

Prof I t i s cheon tha t l - i d e a l s form a complete latt ice

because they a r e closed under arbitrary intersections. T h i s

the j o i n o f a n infonte family i s t h e intersection of a l l

1 - ideals containing tha t family.

T o prove tha t i t i s a Heyting algebra i t i s enough t o check

A n ( YB : ) = ! CAMBI)
One inclusion should obvious YAMB:) E A n (YB:) .

F o r t h e other take O E X E A n (VB : ) ⇒ ✗ = bah . . _ + bn

for s o m e by wth i j . cm belonging t o s o m e B i
.

Furthermore

e a c h by ∈ A becoun O s b j e x s o ✗ e V (AnB i )

☐
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By a resu l t of Birkhoff every algebre i s the subdirect

product of subdirectly i rreducible algebras. Also,
the subdirectly i r r e d u c i b l e factors correspond t o t h e

completely m e e t i r reduc ib le congruence of the algebre

•
Det An element b of a l a t t ice h i s called completely meet irreducible

i t b = A X w i t h ✗ e d ⇒ b e x

An element i s cal led meet irreducible i t the condition above

holds for finite ✗ 's
.

GCA)

⚠

∄-
°"""

I
'ida
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Theory Let P be a n i d e a l of a l a t t a ordered group .
T F A E

( a ) P i s prime ( ⅔ i s linearly ordered)

(b) { C / C e - i d e a l Cap} i s linearly ordered

(C) P i s meet- i r reduc ib le

( d ) I f a x b e p then R E P o r b e p

(e ) I f a n b - o then a e p o r b e p .

Prof ( a ) ⇒ ( b ) Ta k e B a n d C 1 - i dea ls that extend P a n d o n

incomparable b e B T I C c e C I B . W.l.o.g a s s u m e

P t b ≥ P t c ⇒ J p ptb ≥ c ⇒ n o t a t h e p t b e B

⇒ C E B ↓

(b) ⇒ ( c ) I f B n c = P ⇒ B , C = P w . l y . B a c but then

P - C
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( C ) ⇒ ( d ) Ta k e a x b e p
ambe ( ( a ) , ( (b )

distrbutinty ≥

( P v (ca)) n ( P u c (b)) =' P V ( C l a ) ^ ((b))

#

P v ((Caab)) = P

⇒ either Pucca ) ) = P o r P v ( ( b ) = P

→ e i t h e r a c P o r b e p

(d)⇒ ( e ) Obvious
Gun):S e p

( e ) ⇒ c a ) g . h e h w e want t o show that (guk)-h
Becoun this wou ld give u s P t h - P t h - Ptfuh) ≥ Pty

T o prove the claim

(guk)-g) afguh)-4) = (guk) + (-9×-4)-Gun)-(guk)-o

☐

Corollary Any abelian b -group i s a subdirect product o f

l inearly ordered l-groups. .
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