
Lecture 4 27/3/24

Le t T be a finitary language (al l operations have finite arity)
Theorem (Birkhoff)
Every T-algebra A i s a subdirect product of subdirectly irreducible

T - algebras .
I n porticula A ↔ TAG w i t h ⊖ comp A - irreducible

congruence of A .

Def A n l-group G i s called orchimedean i t ∀ × , y e a

(Knew mxey) ⇒ ✗ E O

Intuitively o n e c a n th ink o f archimedean l-groups a s l-groups

of functions with values i n R .

Exam-ple If ✗ i s a compact Housdorf space then (CX)-{f:X#/cotti}

i s archimedeo : f ige ( CX ) suppose Knew mF ≤ g

th is m e a n s that ∀ x mfextega) ⇒ f a t t o
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Def Let G and H be two linearly ordered l-groups , n e defini

G I H = G ✗ent i t o be the d i rec t product of the groups

underlying G a n d H e n ove d w i t h lexicographic o rd e r

( g .h ) < (91,4') i f gag' o r i f h e h ' whenever gag'

2 7 2

"

.

i s linearly ordered

- I l
t . i m .

!"""#""

.

∀ MEIN M (0,1)-(OM) ≤ (1,0)

get (0,1) ∉ (0,0 )
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Bernau theorem Every archimedean le-group i s a b e l i a n

Hi lde r theorem Every linearly ordered archimedera l-group embeds into I R

H a h n theorem Every linearly ordered abelian e -group embeds i n t o a

lexicographic power of R
.

Holder theorem het G be a linearly ordered group .
T . F . A . E

1 ) G i s archimedean

2 ) G b -embeds i n t o I R

3 ) G has exactly t w o l - i d e a l s :
1 0 4 , 4

Prof 1 ) ⇒ 2) Choose gea" and define ∅ : G → R a s follows

LCh)::-&# E Q / m g > n h w i t h mimez}
n om g : . g g ? ? I y -

i s n o n empty because G i s archimedean

a n d linearly ordered : ∃ M E N m g > h

LCh ) i s bounded below I n e l N mih/ > g
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Define ∅ ( h ) = ALCH) the X i s taken i n I R

Let u s show tha t ∅ i s a e -homomorphism.

Let hike G l e t m i n i p , g e z w e a r e going t o show tha t

☑
Lcn) ellk)

( A ) 1 - ≥ o c h ) a n d #701k) t h e n 1 - + 1,70Chek)
s o t h a t w e have 06h ) +06K ) 7 0 Chtk)
T o prove (A) a s s u m e m g > m h and pg > 9 k

(ma + mp) g-mggtmpgsnqktmqk-nqch.tk) ⇒ X - F i l e
Thus

ma + & = myyne ≥ * Chek ) ⇒ 041+041 ≥ 0 4 t h )

Similarly o n e c a n prove t h a t i t 1 - ≤ Ochi a n d # ≤ 0 k )

t h e n 1 - + E, ≤ OChtk) ⇒ ∅ ( 4 ) +01kt ≤ ochtk)

Al l together ∅ (4) + 06k/ = Ochtk)

∅ i s clearly o rd e r presening. Becoun i t ha ≤ ha

then LCha) ≥ LChr) s o ALCha) ≤ ALChi) .
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T o s e e that ∅ i s a n embedding l e t h o then I n e z

ngshh by orchinedeavinty s o

- . . .

( 2 ) ⇒ (3 ) T o prove ( 3 ) i t i s enough t o show t h e R has

exac t l y t u o idea ls . T o t h i s end
,
i t i s enough

t o notice tha t for a n y n o n z e r o R E R the

1 - i d e a l genuetowl by 2
, ( C z ) i s the who le K .

Recall
( C 2 ) : - {XER / I X / c m / 2 1 for s o m e MEIN] - I R

(3) ⇒ ( 1 ) Fo r any geG g # 0 ( ( g ) = G s o

( ( g ) = / ✗ e '9 / 1×1 < migl} - G

Th i s s a y s t h a t for every × , y e a ∃ m e n

s .t n /
a n d th i s i s equivalent t o archimedeanaty

.
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Lemme (Elliot 1979) .
Le t G be a linearly ordered l-group .

L e t P : - hpa.... pm} ≤ G t .

Then then e x i s t C E G '

G ) C i s a bas is for t h e subgroup of 4 generated by P

(2 ) C i s obtained from P by a finte member of "subtractions"

P ' = ① lati}) o t pi-pt}

Weinberg theorem : A n equation i s true i n a l l abeliani l -groups

i f i t i s t r u e i n 2
.

Prof Consider a n equation W ( Xa , . . , X n ) = o wh i c h does n o t hold

i n a l l abelia l-groups. Let 6 be a n l'group and ga.../guEG

s . t w (ga.._gal ≠ O a .
S i n a 4 i s a subdirect product o f

1 . 0 . 1 -groups w e a s s u m e t h a t 4 i s linearly ordeal.
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E - { p i / ◦ ≤ i e u , piso l

p i =

{Wilga..-9") w i l g a ._ g ) z o

- u n ( g r . - g u ) w i Cgn..._ g a t t o

when w i o u a l l subterns o f w w i t h w o - w

P z : = 4 p i - p t / p i , PsePa a n d pi-pi > o }

Apply E l l i o t t l e m a t o P : = P a u P a s o t o obta in a

subset C e 4+1404 tha t i s a basis for t h e group generated

by P . Since w e a n i n ab e l i a groups a n d C i s a basis

t h e group generated by P must b e isomorphic t o 2 ' " .

S e t 2 - I C I
,

enolow 2 2 wi th the componentuise order
, for

(Xa..X i ) e - 2 2
,
(Xe._a )Eoitt H i e r X i t r o .

C L A I M : p i > p, i n 4 i f p i E p , i n 2 "

I f pi > ps then p i - t , e P z and Pa belong, to the positive span o f c
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then pi -

p, Z o ⇒ pi Yp j . Viceversa i s s im i l a r

So

Wi lga . . . ga l > o i n 4 alt wi l ga ._g . ) 7 0 i n 2 2

So i n particular a - W o s o i n 4 i f f w o y o i n 2 2

Therete w i g . ._ g ) ≠ o i n 2 ' s o the equation

w ( ✗ e . . ✗a ) ⇒ mu s t fail i n 2 .
I

V. Marra F r e e lattice-ordered abelian groups. F o r m Mathematician.

/In-wll:- A / Eea / pro, gsopaqlv.nl}

Corso L-gruppi 2024 8 di 8


