
Lecture 5 4/4/24 122

✗' + 9 ' - 1 = 0

! "

2×2+292-2=0

In general then o n t w o operators : V , I

② (KIxe...tn])# 0 ( K )
←

R e K I x a . t n ) UCR ) : = {SEK" / PCS)-0 H E R }

S e K " I C S ) : = & PEK I K ._xD/ posso ∀ ses}
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Let V be a variety of algebras

L e t A E V

By Birkhoff result ✓ h a s free objects F r ( K ) for any cordial t e

F i x K a co rd ina l

R e ECKT VCR ) : = {SEA" / A K PCS)-94) # g )ER}
S E AK I C S ) : = {(pia)e Fick)? / A K pestqcs) Fses}

teme ∀ and I form a Contravariant) Galois connection

W e n o w t r y t o l i f t the Galois connection t o a n adjunction

Notice t h a t I C S ) i s always a congruence of Fuck)

Thus
,

a first category t o be considered i s Up = class o f a l l "presenti"

algebras i n ✓

K E V E H " :
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A second category i s given by a l l possible subsets of A k for

K ranging among cord ina l s . Which a r row s ?

Def Let A be a cordnel and f : A'→ A a function.

W e say that f i s definable i t ∃ t e E c i ) s i t Va e a "

f l a ) = t c a )

This generalizes t o f : A" → AK
,
i t i s definable i f then

e x i s t ( a ) a n
s i t . ∀ a e a "

f- ( a ) = (✗ ( a ) Jack

This c a n be further generalised to f : SEA" → TEAK,
i t i s definable i t ∃ f ' : A '→ A" definable s i t . ∀ s e s

fcs) = f'Cs)
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S o w e have t w o categories

✓
→

D

→
The functor 9 : D → V

o n object S E A " I C S ) : - FYI ,
a n o r r o w s 1 : S E A " → T EA" definable this ∃ ( 1 ) poco d a l = Esca)),,

☐ (d) : I C T ) → I C S )

S.CI?;#eIM-ascIIGhIwhen(lB)ao
o n the defining te rms o f d
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The functor 0 : ✓ → D

o n objects ✓ ( ECKY ) : - V 1 0 ) ≤ A "

o n a n o u s h : Fu/⊖, → Fu/⊖, homomorphism

£ e h

! "

VCh) : V 0 2 ) → V' ( 0 1 )

Let (Sp)poco e V' ( A ) M h ) (Sp),c o ' = (α (Sp),cu)✗cue V01 )

teme The functor O a n d I form a contravariant adjunction

N + I ↘

# #

E
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We n o w t u r n o u r attention t o t h e f i x e d

SEA" N O I ( S ) = N (FLYIN) = V I C S )

F l y J o r ( F r y ) - I (VCO)) = FUCK#no,

F ixed points i n D S = V I C S )

F i x e d point i n ✓ Fuckyo = Fulkywe,

Lemma T F A E
a ∈ Km

#

È?TI

#$

ÌÈÈÉ"""
[)f°"

consul. ( R E N O ) ideal

%
universel "3) Elkyo - D a

# %

(NICKY)
algebra
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Compare the previous l emma w i t h Hibbert Nullstellensata

An ideal I i s sit. I - I V ( I ) i f and only i f I = M M
I E M

Mmaximal
i d o l .

K a e k o )
FCU)

a/ 19.
☑

w̅

A a - ! _FIÈ)

Lama T F A E

Q E VCO)
1 ) ⊖ = I c a ) for s o m e a c - A '

t e n e t : ! .
a ) F# → A i s a n embedding

I I I I embolity

F ix d e v '(a) ¥ H a tca)
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Let V - B A Bookan algebres

Let A = 21

We have t h e adjunction between B A a n subsets of 2 "
k c a l

definable maps.

Fu

"

i s fixed by the adjunction

i f ⊖ = M I c e )
. ⇔ F u% ↳ TECHE,-TI

QEVO)
a e ko )

⊖ - I c a ) i f F l y = 2 1

Theis
,

all B A i s fixed i n t he adjunction

S e 2 k S e NICS)) = V/{FEFEV) / fesso ∀ses})
= {SEZ" / f i s t -o ∀ feICS)}
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