
Lecture 6 5/4/24
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Example : Set ✓ = variety of Boolean algebras

A = (0,14, m i n , m a x , 1 - × , 0,1) = : 2

• By Lerma 1 a Boo lean algebra B i s fixed i n the adjunction

i f B E F l y a n d B ↳ Iva) Fuck,
• By tema 2 Fulkyya, E 21

Since every Boolean algebre i s a
subdirect product of copies of 2

(because 21 i s the only subdunctly i n . Boolean algebra) every Boolean

algebra i s fixed i n t h e adjunction

S o w e need t o characterise the fixed points of V0 9
.

S e Ak i s fixed i l ∃ ⊖ s i t S - V10 )

i f 5 - VICS) , take ⊖- ICS)(if 5 - I L O ) ⇒ V I C S ) - V I V O ) = V 6 0 ) - S )
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Need t o charcature subsets S of the f a V 1 0 )

V 1 0 ) : - {SEA" / pesi-ges) ftp.q/e0}
☑ ( A ) = A Vlp,q)

(PIPE⊖

☑ (pia):- 4 S E A " ( Pes)- ges))
i n Boolean algebras

Za r i s k i
bas ic closed

→ ✓ ( t ) : = / SEA" / tCS)-0} t h i s i s equivalent t o

a t s ↗ \
Stom topology

✓ (a):-{meMaxB / maa}

ICS)≤ # ( K )
"

I t / tesi-04 this i s a maximal ideal

Summing u p t o characterise the fixed points of N o ] w e

need t o character the Zowski closed subsets o f A" (21ª)

Corso L-gruppi 2024 3 di 9



Theorem : A topological space i s Stone i f i t i s homeomorphic t o

a' closed subspace of 2 " .

Furthuore by functional completeness of

⚠

i n ) a n d the fact that

S e 2 k → T e 2 " only involves finitely many variables

o r e obtain t h a t definable maps o n exactly t h e continuous

maps

Therefore, the category of fixed points i n D i s equivalent

to the category o f Stone spaces a n d continuous maps.

Exercise: D e v e Priestly duality for distributive lattices
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As you have s e e m i n the c o u r s e by Serafina Lapeuta

there i s a class of l-groups of special interest:

u n t a l l-groups.

D e t A n element u i n a n b -group 4 i s called strong

o r d e r u n i t i t ∀ geG ∃ m e I N m u r g

I t i s clean (by using a standard compactness argument) that

strong order u n i t s a r e n o t first order definable.

Ye t
,
Mundici's functor establish a n equivalence o f categories

between u n t a l l-groups (= 1 -groups w i th a strong o nd a m t ) a n d

un i t preserving 1 - homomorphisms a nd a variety of algebras

called MV-algebras.

(A, ⊕ , -
, 0 )

E x : ( [0,1 ] , ⊕ , 7,0) w h a ✗ ⑦ y : -
m i n ( X t y , 1 )

T X : = 1 - ✗
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McNaughton's theorem T h e free MV-algebre o v e r K generators i s isomorphic

t o the algebre o f functions [0,1]" → [ 0 , 1 ] which o n

continuous
, piecewise (affine) l i n e a

,
when e a c h piece has

integer coefficients.

Theorem (Chong) Every MV-algebre i s a subdirect product of linearly

ordered o n e s .

Holder's theorem A n MV algebra i s simple i f and only i f i t

for TV-algebres
h a a (inique) embedding i n t o [ 0 , 1 ]

Recal l tha t a semi-simple algebre i s a subotrect product of simple

algebras. Therefore, semisimple MV-algebras a r e exactly the suboluet

products of copies of subalgebres of [ 0 , 1 ] .
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Le t u s apply t h e duality framework above t o MV-algebes.

So l e t u s se t V . = MV
,
A : - I o , 1 ]

What o n the fixed points o n the algebre s i d e

They o n the semisimple MV- algebes.

What o n t h e fixed points o n the geometric s i d e s t a t : - i s o t

I ideal i n V I I ) = M W ( t ) l s - t / : - . - ( s t a t ) a

Fu c k ) t e I → ( tu i s )

* Ct) = {XEION" / taxi-o}

By (Naug
hton

t c a n be thought of a s a continuous piecewise l i e n

mep w i t h integer coefficients

the Zero-se t of a function

of the form

⚠

d i ] ✗a t - i . + d i j X n t bij

T h e sets of the fon ☑ ( t ) o n called r a t i o n a l polyhedra

D I / Δ . • E Q "
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T h e sets of the four M V A ) a r e a l l closed subsets of t
t E I

-0,1]"

with the Euclidean topology.

Theorem Every compact a n d Hausdorff space c a n b e embedded i n t o s o m e

cube [0,1]" a s a closed subspace.

Sketch of the proof: Le t ✗ be a topological space consider a

family Y i of top. spaces s . t . f i : ✗ → Y i

Define a map
e n : ✗ → T Y :

✗ → (fica) I E I
Kelley's l ame : e v i s continuous i t a l l f i o n continos

e v i s o n embedding riff t h f i separate the point,
e v i s open i f f the f i separate points from closed

Apply t h i s t o a compact Hausdorff space ✗ a n d the fanly 7

of a l l continuous functions from X info [0,1]

e v : ✗ → [0,137
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Theorem T h e category of sein-simple MV-algebras i s d u a l t o

t h e category o f compact Hausdorff spaces w i t h a distinguished

embedding i n t o [0,1)" a n d c o n t . piece-wir l i n e r maps

w i t h integer coefficients.

Recalling Wojicik theorem : Finitely presented MV-algebres o r e semisimple

Corollary T h e category of finitely prestul MV-algebres i s d u a l t o

t h e category o f r a t i o n a l polyhedra a n d c o n t . piece-wire l i n e a

maps w i t h integer coefficients.
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