
Lecture 7 9/4/24

Unification concerns w i t h finding a "solution" t o a n equation

s a t for S a n d t t e rma i n s o m e algebraic language 2

By a solution w e m e a n a "Substitution" 6 s i t

6 ( S ) = 5 ( t ) 0 : Frey( X ) → Frua ( X )

The definition c a n be easily adapted t o contemplate equality

modulo a n equational theory E

E F 6 1 5 1 = 6 ( t )

Usually i n unification theory o n e first study the complexity

of the space of solutions ( for the worst possible cases)

I f 5 and 8 ' a r e solutions t o a unification problem s e t

w e say that o i s m o r e general t h a n 5 ' i t 7 T
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s i t . E F J I N -TOTCH ∀ ✗ E X I 570']
W e c a l l m g u (most general unifier) a solution t h a t i s

m a x i m a l i n t r e pre-order o f being " n o n general than".

The possible configurations of Mgu's o n divided i n four c a s e s .

F o r a unification problem s a t there c a n be :

1 ) A unique m g r m o r e general than a l l the otter solutions to s e t

2) A finite number of mgu m o r e general then a l l the othersolution,

3) An infinite . . . .
. . . . e . . .

4 ) Not a l l solutions o n below a n mgm.
The unification type of a theory E i s o n e among 1 - 4 considered

i n the worst c a s e for E 1 ) una r y ,
2) finitory , 3) infintory

a) nullory.

Corso L-gruppi 2024 2 di 8



Ghi la rd i noticed that t h e unification type of a n equatorial

theory i s a categorical property and th i s i t i s preserved vuo le

categorical equivalences.

E-Unification problem Finitely presented
X D

s e t algebra A i n V IE )

Unifier (solution) m a Homomorphism from A i n to

a finitely generatol projective

algebra. P

Finally generatedRofrojectiv
e ⇒ finitely presented

6 7 5 '
P ← A
È' E

57s'
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(Marra S . ) The unification type o f MV-algebras i s nulloy.

M I
MV-Unification

≈ , Finitely presented ↔ Rational polyhedron
problems MV-algebres

M V - solutions a
Morphism i n t o a n d Morphism coming from
Fintely presented Rational palyedra
projective MV-algebras t h a t a r e re t rac ts

11 o f the cubes [0,1 ]"
(Rectracts of f .g . free)

algebras

FM I ↳ V10) ≤ IYI]"Et- Ìce B # A r o s e i d "

[913k

A P I B IG A " Crossa= i d "

59!2 .p
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Consider t h e r a t i o n a l polyhedron given by t h e book of the

u n i t squon ③ .

I c l a im that i t has nulloy unf. type.

!"!

H I P ' P I P

-

_ * ↓
✓

P → ∅

Recall that MV-algebras o n categorical equivalent t o abelian l-groups
w i t h a strong order u n i t .

What happens when w e r e m o v e t h e strongunt

Let's
go

back t o l-groups

)
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Let again u s e the general affine adjunction 0 - 1 9

Let s e t ✓ = Abelian l-groups

A = I R

Recall tha t by H i l d e r theorem
any linearly ordered archimedean

e - group embeds into I R (and i t i s simple)

The algebraic fixed points of the adjunction a r e t h e

semisimple abelian l-groups ⊖ - I V O ) ⇔ -0=1%9,1FIÈEI-AIR
The geometric fixed points o n o m a m o r e

the Za r i s t e closed subsets of R E
.

In other words, they

o n arbitrary intersections of sets of the four

☑ ( f ) : = / ✗ E R " / fax)-o} for f a Freeele)
0 2 equivalently

f piecewise
homogenous m a p with integer calf.
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i ' fexy) 2 0 d e l '
=

a x t b y z o ⇒ a d ✗ + bayaoFILII"" f a n n o
f- ( x , y ) + fiumi 7 0

f- ( ✗ t u , yew) 7 0

Def If X a . . . . . ✗n e R k w e ca l l the positive spam o f X e . . . t n the

set {XXat. .-+ 4Xu / d a i . . d u e # Y

Det A c o m i n 12 " i s a subset of I R " that i s closed under

positive l i n e a r combinations
.
A closed c o m e i s a c o m e t h a t

i s closed i n the euc l idean topology
.

A c o n i s called

ra t i ona l i f i t i s the positive span of vectors with

r a t i o n a l coordinates.
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I n general V'( f ) w i l l be a polyhedral r a t i o n a l come,

i . e . a closed c o m e t h a t i s a finte u n i o n of t h e

positive spans of finitely many r a t i o n a l vec to rs .

!!!

÷.

Δ

I n generale , a n arbitrary intersection of s u c h polyhedral ra t i ona l c o n e s

w i l l be a closed c o m e .
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