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Objective

Establishing a relationship between finite [IUML-algebras and
sequences of successive refinements of orthopairs, using
Sobocinski conjunction.
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IUML-algebras

An idempotent uninorm mingle logic algebra (IUML-algebra) is an
idempotent commutative bounded distributive residuated lattice

(A, AV %, —, LT e)

satisfying the following properties: for each x,y € A
(IlUML1) e < (x —y)V(y — x), and
(IUML2) (x —e) — e =x.

> Involutive unary operation: —x = x — e.

Example
The structure ([0, 1], A, V, %,—,0,1,1/2) is an IUML-algebra.

~f min(x,y) ifx<1l-y _f max(1—x,y) ifx<y
x*y= { max(x,y)  otherwise. Xy = min(l — x,y)  otherwise.
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Example

The structure ({0,1/2,1},A,V,%,—,0,1,1/2) is an IUML-algebra

Sobocinski conjunction and implication:

« |0 1/2 1 — |0 1/2 1
0 /0 0 O 0|1 1 1
/210 1/2 1 /210 1/2 1
10 1 1 1]0 0 1

Remark
({0,1/2,1}, A, V, %, —,0,1,1/2) generates every three-valued
IUML-algebra.
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IUML-algebras and Forests

Given F a finite forest, we set

SP(F) = {(Xl,X2) - Xtand XZ2are disjoint upsets of F}.

Operations on SP(F)
Let X = (X1, X?),Y = (Y1, Y?) € SP(F), we set
L (X1 X2%) = (X2, X1),
2. (XL, X2) M (YL, ¥?) = (X' N YL, X2U Y?),
3. (XL X2)x(YL, Y2) = (XINYHU(XeY), (X2UY?)\(XoY))
where
» XoY =t (XN YH)u(Y°nXx1));
» X0 = F\ (X' UX?) and YO = F\ (Y'U Y2).
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Example
(+)
@) (3
© (5)
({3,4},{2,5}) * ({5}, {2,4})
({3,4},{2,5})o({5},{2,4}) =1{ U({1,3} N {3,4})} =

T{U{3}} = {34}



Operations on SP(F): =

Example
(+)
@) (3
© (5)
({3,4},{2,5}) * ({5}, {2,4})
({3,4},{2,5})o({5},{2,4}) =1 { U({1,3} N{3,4})} =

T{ u{3}} ={3.4}.
({3.4},{2,5}) = ({5},{2,4}) =
(w U {37 4}7 {27 4, 5}/{37 4}) = ({37 4}7 {2’ 5})
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Forests and IUML-algebras

Theorem

For every finite forest F, (SP(F),M,U,x,—, (0, F),(F,0),(0,0)) is
an IlUML-algebra. Vice-versa, each finite IUML-algebra is
isomorphic with SP(F) for some finite forest F.

(Aguzzoli, S., Flaminio, T., Marchioni, E.: “Finite forests. Their
algebras and logics )

Example (SP(F),m,U, =, —, (0, F), (F,0),(®,0))
({1,2,3},0)

|
({2.3}.0)
/N
({210)  ({3}.0)
______ . JON /N
(21.03)  (0.0)  ({31.42)

(0,{1,2,3})



Orthopairs
Let P be a partition of U and X C U. The orthopair of X
determined by P is
(Lp(X),Ep(X))
where
» lower approximation
Lp(X)={xeN:NecPand NC X},
» impossibility domain
Ep(X)={xeN:NecPand NNX = 0}.

\ U
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Example

Let U={a,b,c,d,e,f}, P=1{{a,b},{c,d, e, f}} and
X ={a,b,c}. Then

(‘CP({a’ b, C})v gP({aa b, C})) = ({a b}7 (Z))



Orthopairs and IlUML-algebras

Theorem
Let P be a partition of U. We set

Op = {(Lp(X),Ep(X)) : X C U}.

Then
(OP, N, Vg%, —>, (Ua ®)? ((Da U)a (Q) (Z)))

where
(A,B)x(C,D)=((ANC)U(A\(CUD))U(C\(AUB)),BuUD),

is a 3-valued IUML-algebra.
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Refinement sequences

A sequence P = Py, ..., P, of partial partitions of U is a

refinement sequence of partial partitions of U if each element of P;
is contained in an element of P;_q, for i=1,...,n.

» We consider the refinement sequences such that each block of
each partition is not a singleton.

Example

Let U={a,b,c,d,e, f,g, h} and
> PO:{{aabac7d}’{evf7gah}};
> Pl = {{3, b},{c,d},{e, fvg}}

(Po, P1) is a refinement sequence of U.
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Sequence of Refinement of Orthopairs

Let P = Po,..., P, be a refinement sequence of U. For every
X C U, P determines the sequence of refinement of orthopairs

Op(X) = ((£o(X); E0(X)), - -, (£n(X); En(X))-

» We set Op = {Op(X) : X C U}.

Example

Let U = {a, b7 G, d7e7 f7g7 h}v X = {a7 b7 C} and P — (P07 Pl)
such that

> PO:{{a’bac7d}’{e7f7gah}} and

> P = {{a’ b},{c,d},{e, fjg}}_
Then

Op({a,b,c}) = ((0,{e, f, g, h}),({a b}, {e, f,g}))
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P — (Fp,<p)

where
1. Fp = U?:O P,' and

2. <p is the reverse inclusion.



Partial partitions and Forests

Let P be a refinement sequence of U.
P — (Fp,<p)
where
1. F'p = U?:O P,' and
2. <p is the reverse inclusion.
Example
Let U={a,b,c,d,e,f,g,h} and P = (Py, P1) such that
» Py ={{a,b,c},{d,e f,g,h}} and

» Pr={{a b}, {d, e}, {f. g, h}}.
{a, b} {d.e}  {f.g,h}

N/

{a, b, c} {d,e,f,g h}



Let P be a refinement sequence of U and X C U. Then
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> X%:{NEFPZNOX:(D}
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Let P be a refinement sequence of U and X C U. Then
> X};z{NEFp:NgX}
> X%:{NEFp:NﬂX:(D}

» We set SO(Fp) = {(X},X3),X C U}.

Example

Let U={a,b,c,d,e,f,g,h},X ={d,e,f} and Fp such that

{a, b} {d<e} {f,g./ h}
{a, b, c} {d,e,f, g, h}

Then (X5, X3) = ({{d.e}}. {{a.b.c}.{a.b}}).



Results (1/5)

Theorem
Let P be a refinement sequence of U. Then the map

f:Op(X) € Op s (Xp,X3) € SO(Fp)

is bijective.
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Results (2/5)

Theorem
Let P be a refinement sequence of U. Then

1. SO(FP) - SP(FP),'

2. SO(Fp) = SP(Fp) if and only if every node of Fp strictly
contains the unions of its successors. Trivially,
(SO(FP)7 ﬂ, |—|7 *, = (Q)a F'P); (F'P, @), (@, @)) is an
IUML-algebra.
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Fp

{a, b} {c,d}

{a,b,c,d, e}



Example

(SO(FP) MU+, =, (m F’P)‘ ((Z] F’P)? ((D ‘Z)))
F’P ({{a’ b’ < d}’{a’ b},{C, d}},@)

\
({a, b}, {c,d}},0)
/N
{a, b} {e,d} ({{a, b3}, 0)({{c. d}},0)

\\\ /// SN /N
- > ({a, b},{C, d}) (®> @) ({C7d}7{a> b})
{a,b,c,d, e} NSNS

(0,{c,d}) (0,{a b})
N/
(0, {{a, b}, {c,d}})

\
(0,{{a, b, ¢, d},{a, b}, {c, d}})



Example (ab}  {cd}

N\ /

{a,b,c,d}



Example

{a, b} {c,d}
{a,b,c,d}
SO(Fp)
{a, b} {c.d} {a, b} {c,d} {a, b} {c,d}
{a,b,c,d} {a,b,c,d} {a,b,c,d}

({{a, b,c.d},{a, b}, {c.d}},0) ({a, b},0) ({{c.d}},0) (0
{a‘b}\ /{cd} {a,b}\ /{cd} {a. b}\ /{c,d} {a.b}\ /{c.d}
{a,b,c,d} {a,b,c,d} {a.b,c,d} {a.b,c,d}
(0,{{a,b}}) (0, {{e,d}}) (f{a.b}h, {{c.d}))  ({{c.d}} {{a. b}})

P(Fp)\ SO(Fp)
{a, b} {c,d} {a, b} {c,d}
{a,b,c,d} {a,b,c,d}

({{a. b}, {c. d}},0) (0,{fa. b}, {c,d}})

{a b} {e.d}

N/

{a,b,c,d}

),{{a,b,c.d},{a, b},{c.d}})

{a. b}

N/

{a,b,c,d}

0,0)

{c,d}
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Results (3/5)

Theorem
Let P be a refinement sequence of U. Then there exists a
refinement sequence P’ of U such that the map

g (Xp,X3) € SO(Fp) — (Xp/, X3,) € SP(Fp/)
is bijective.

Example

{a, b} fe.d} {ef}  {g:hi} {a,b} {c.d} {e.f}  He:hi}

NN/ N/

{a,b,c,d} {e,f,g, h,i} {e,f,g, h,i}



Results (4/5)

Theorem
Let P be a refinement sequence of U and g : SO(Fp) — SP(Fp).
Then

(SO(Fp), Mg, Ug *g, =g, (0, Fp), (0, Fp), (0,0))

> (X, X3) Mg (Y5, Y3) =g (X, X3,) N ( P/vY%'))r
> (Xp, X3) Ug (Y5, Y3) =g~ (Xp, X3) U (Y, Y3)),
> (Xp, XB) #g (Y5, YB) i= g~ H((Xpr X3:) * ( ’P'vy7%'))r
> (XP7X7>) —g (vayp) _g_l((X%,,X%,) (Y%,,YP/)).

is an IlUML-algebra.



Example

Fp

{a, b} {c,d}

N\ /

{a7 b’ C7 d}



Example

Fp

{a, b} {c,d}

A—

{a7 b’ C7 d}



Example

Fp (SO(Fp). Mg Ug. g, —g: (0, Fp). (0, Fp), (0, 0))

({{a. b,c,d}, {a b}, {c,d}},0)
7N\

{a, b} {c,d} ({{a. b3}, 0)({{c, d}}.0)
\ / SN N
—— > ({37 b},{C, d}) (@7@) ({C7 d},{27 b}) = SP(FP’)
{a,b,c.d} N SN S

(0.{c.d}) (0.{a,b})
N/
(0.{{a,b, ¢, d},{a, b}, {c,d}})



Results (5/5)

Theorem

Let P = (Po, ..., Pn) a refinement sequence of U, the structure of
IUML-algebra on SO(Fp) induces on sequences of orthopairs the
following operation, for every X, Y C U:

Op(X) © Op(Y) = (Ao, Bo), - - - (An, Bn))
where for each i = 1,...,n, we firstly set
(AL Bf) = (Li(X), E(X)) * (Li(Y), E(Y))
and then Ay = Aj and for i > 0:
Ait1 = A1 U{B € Piy1 | BC A}

while B,’ = B,’ \ A,'.



Example
Given the refinement sequence P = (Po, Py, P2) :

| 4 PO = {{a, b7 C, d7 e, f,g, h’ I}},
» Py ={{a, b,c} {d, e f,g h}},
> P = {{87 b},{d, e}v{fag}}-
If X = {C7 d,e,f,g, h} and Y = {3, b,c,d, 6}, then

(0,0 (0,0)
Op(X) = | ({d.e.7.g.h).0) op(Y) = | ({a.b.c}.0)
({d.e.f.g}.{a.b)) ({a.b.d.¢}.{7.2})

0r, () % 0, (1) = (0.0) + (1.0)=(0.0)
O0p (X)# 0p (V)= ({d.e.f.g. h}.0) « ({a.b.c},0) = ({a,b.c.d.e,f, g h},0)
00 (X) + 0y (V) = ({d.e,F,g}. {2, b}) = (12.b.d. e} {F. 8D ({d. e}, {2.b. . 5})

0.0y ——  (0.0)

({a.b.c.d.e.f.g.h}.0) ——>  ({a,b.c.d.e.f.g. h}.0)

({d.e}.{a.b,f.g}) ——>  ({d,e}u{a.b}U{f. g}, {{a,b,f, g} \{a.b}}\{f.g})
— ({a.b.d,ef.g}0)



Future Work

We plan
» to find a natural interpretation of the last operations;

> to generalize to other operations between orthopairs and to
study the obtained algebraic structures.



Thanks for the attention



