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A closer look to WK

WK = ({0,1,1},v,A,=,0,1)
a<b < aVvb=b and a<b <= aAb=a

a<b < b<—a

Counterexample to absorption:

1.1
IAQVZ)=2-#1
Avy)=5#
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Paraconsistent Weak Kleene: the
logic

e The matrix: PWK = (WK, {1,1/2})

I' Fpwk a <= for every v, o[['] C {1,1/2} = v(a) € {1,1/2}

e Hilbert system: any set of axioms for Classical Logic and

a a—p _
[RMP] — 5 provided that var(a) C var(/3)
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Involutive bisemilattices

Definition
An involutive bisemilattice is an algebra B = (B, V, A, —,0,1) of
type (2,2,1,0,0), satisfying:

11 zVz~=z;

2 zVy=yVa;
3xzV(yVz)=(xVy)Vz
4 ——z ~ z;

15 z Ay = —(-xV-y);

6 A (—zxVy)=zxAy;

7 0Vax~=~uzx;

18 1~ 0.

We denote by ZBSL the variety of involutive bisemilattices.
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Theorem
The only nontrivial subdirectly irreducible bisemilattices are WK,
So, and Bs, up to isomorphism.

Corollary
V(WK) = IBSL.
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A direct system of algebras: T = (Ay, (@i : @ < j),I) such that:

e I =(I,<) is a join semilattice with least element io;
e i : A; = Aj is a homomorphism, for each i < j,

@i is the identity in A; and @i 0 vi; = Yik;

o If i #£ j eI, then A; and A; are disjoint.
Ptonka sum over T is the algebra T = (J; A;, {9T : g € v}),

e for every n-ary g € v, and aq,...,a, € T, where n > 1 and
ar € A;., weset j =iy V- Vi, and define

gT<a17 s ,CLn> = gAj (‘pilj(al)v s 790%]'(@71));

e if g € v is a constant, then ¢T = g™,
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Ptonka sums representation

Theorem

1 If T is a direct system of Boolean algebras, then the Pfonka
sum T over T is an involutive bisemilattice.

2 If B is an involutive bisemilattice, then B is isomorphic to the
Ptfonka sum over a direct system of Boolean algebras.

Corollary

IBSL is the variety satisfying exactly the regular identities satisfied
by BA.
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AAL

e The Leibniz congruence of a matrix M = (A, F') is the largest

congruence of A that is compatible with F'.

e Given a matrix M = (A, F'), we define F\ as follows:
I' Em a <= for every valuation v on A,
v[['] C F implies v(a) € F.
e A matrix M = (A, F) is a model of a logic L if
'y, o implies T Epm a.
o FiLA={F CA: (A, F)isamodel of L}.

Theorem (Iso Thm)

If L is an algebraizable logic with equivalent algebraic semantics KC,
then for every A € KC,

24 Fip A — Coc A.
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Theorem
IBSL is not the equivalent algebraic semantics of any logic L.

e Suppose ZBSL is the equivalent algebraic semantics of an
algebraizable logic L.
e Consider the algebra C € ZBSL and its congruence lattice:
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| T |
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e There is a lattice isomorphism £2€ : Fij, C — Cozzse C.

C=

e {2} is the only subset of C' such that 2€{2} = #,, and hence

it is an L-filter.

e It follows that () is also an L-filter, L is purely inferential, and

this leads to a contradiction.
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Theorem

PWK is not protoalgebraic.

Suppose PWK is protoalgebraic.
Therefore, there is a set of formulas p = ¢ satisfying:

1 Fpwk p=Dp,

2 p,p = qFpwK ¢-
Consider the valuation v on WK: v(p) = 1/2, v(¢) = 0.
Thus, v[{p} Up = ¢] = {V/2}, while v(q) = 0, which is a
contradiction.
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PWK in the Frege hierachy

Theorem

PWZK is not selfextensional, and therefore it is non-Fregean.

e Notice that —-p V p SFpwk ¢ V q.
o Consider the valuation v on WK: v(p) = 1/2, v(q) = 0.
o v(~(—=pVp)) =1/
e v(=(=gVq)=0.
e Therefore =(—p V p) FFpwk —(—q V ¢), does not hold. That
is, 9Fpwk is not a congruence.
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AAL

o A matrix M = (A, F) is reduced if 24 F = Idy.

Mod*(Li) = class of reduced models of L.

Alg*(L) = {A : there is a reduced model (A, F') of L}.
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The Leibniz congruence

Lemma

If A is an algebra of type of IBSL and F € Fipwk A, then
for every a,b € A, (a,b) € 2™ F if and only if for every c € A,

[a\/cEF S vaeF] and [ﬁa\/ceF <= ﬁb\/CEFJ,

v

Theorem
Alg*(PWK) C ZBSL. J
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Let B € ZBSL, b € B is positive iff 1 < b.
Theorem

B € Alg*(PWK) if and only if B € ZBSL and for every a < b
positive elements, there is ¢ € B such that

[léﬂb\/c but 1;{—&\/0}.

Moreover, (B. F') € Mod*(PWK) if and only if B is an involutive
bisemilattice satisfying the above condition and F' = P(B), the set
of positive elements, which is given by:

[P(B):{CEBll\/C:C}]

Corollary
PWK is truth-equational.
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e Natural duality for involutive bisemilattices (joint with A. Loi
and L. Peruzzi)

e Sequent calculi for PWK and Gentzen algebraizability (joint
with M. Pra Baldi)



Thank you!



