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@ First-order dependence logic (Vaananen 2007)

@ Modal dependence logic (Vaananen 2008):

Modal Logic  + =(g,q)
T

. Thevalueofqgis
 completely determined:
|

by the values of . |

SYNTAX:

@ Modal intuitionistic dependence logic (MID):
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(Empty Team Property) M, 0 = ¢.
(Downward Closure Property) M, X =dand Y T X = M, Y |= ¢.

/20



A (modal) Kripke model 9t = (W, R, V) P ,\/ q

4/20



A (modal) Kripke model 9t = (W, R, V) P ”‘\/V q
J rq o

The powerset model M° = (W°,2, R°, V°) induced by M:

o We=p(W)\ (0]

@ XR°Y iff XRY
@ XeVe(p)iff X C V(p)

4/20



A (modal) Kripke model 9t = (W, R, V) P u‘\/v ;

| o B
The powerset model M° = (W°,2, R°, V°) induced by I:
° W =p(W)\{0}
e XR°Y iff XRY
@ X e V°(p)iff X C V(p)

Fact:

@ Mi° is a bi-relation Kripke model of Fischer Servi’s intuitionistic
modal logic, and M, X = ¢ <= M°, X I ¢.

MXEd—oy iff forall Y C X, if M, Y =¢pthenM, Y =
WX = bV iff WX or M, X =y J

4/20



A (modal) Kripke model 9t = (W, R, V) P ,\/ q
J e

The powerset model M° = (W°,2, R°, V°) induced by I:

° We=p(W)\ {0}

@ XR°Y iff XRY ;..;p@;-:’g:)q
o X e V°(p)iff X c V(p) @ @
Fact:

@ Mi° is a bi-relation Kripke model of Fischer Servi’s intuitionistic
modal logic, and M, X = ¢ <= M°, X I ¢.

MXEd—oy iff forall Y C X, if M, Y =¢pthenM, Y =
WX = bV iff WX or M, X =y J

M, XEo(pVy)—opVvoy )

4/20



A (modal) Kripke model 9t = (W, R, V) P ’;\'/v ;
J g M
The powerset model M° = (W°,2, R°, V°) induced by M:
o W =p(W)\ {0}

@ XR°Y iff XRY
@ XeVe(p)iff X C V(p)

Fact:
@ Mi° is a bi-relation Kripke model of Fischer Servi’s intuitionistic
modal logic, and M, X = ¢ <= M°, X I ¢.

MXEd—oy iff forall Y C X, if M, Y =¢pthenM, Y =
MXEPVY iff MXE=orM Xy J

M, XEo(pVy)—opVvoy J

@ (W°,2) is a Medvedev frame and a frame of Krisel-Putnam logic

4/20



A (modal) Kripke model 9t = (W, R, V) P ’;\'/v ;
J g M
The powerset model M° = (W°,2, R°, V°) induced by M:
o W =p(W)\ {0}

@ XR°Y iff XRY
@ XeVe(p)iff X C V(p)

Fact:
@ Mi° is a bi-relation Kripke model of Fischer Servi’s intuitionistic
modal logic, and M, X = ¢ <= M°, X I ¢.

MXEd—oy iff forall Y C X, if M, Y =¢pthenM, Y =
MXEPVY iff MXE=orM Xy J

M, XEo(pVy)—opVvoy J

@ (W°,2) is a Medvedev frame and a frame of Krisel-Putnam logic
@ V° is a negative valuation: M°, X F =——p < M°, X p
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A Hilbert style system of MID

Axioms:

@ axioms of Fischer Servi’s intuitionistic modal logic IK
@ all axioms of IPC Q0 oL
@ 0(¢—y)— (0p — 0y) © (P VY) = (0P VoY)
© (¢ = ¥) = (0P = OY) 0 (09 —0oy)—0o(¢— 1)

@ Krisel-Putnam axiom: (=¢ — (¥ V x)) = (= = ) V (= = )
Q@ —p-p

Q —¢0-—¢ -0

Q o(¢vy) - (O v oy)

Q =1, Pk, q) © (=(p1) A+ A =(px) ==())

@ =(p) « (pV-p)

Rules:
© Modus Ponens: ¢, ¢ — /i
@ Necessitation: ¢/0¢
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Fix a set V of propositional variables.

Flat Type General Type
B = (p(2"),n,U,(-)%0,2") A= (p"(2"),n,U,=,0,9(2"))

{(YIYCX}

€ X} u {0}
f*

fF4f4 |

Multi-type inquisitive logic:

Flatsa = p|0|lana|la —a
General3 A:= |a|ANA|AVAIA- A
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Multi-type modal intuitionistic dependence logic:

Flatsa:=p|0janala—a|oa|a
General2 A::= |a |ANA|AVA|IA- A|CA| DA
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Multi-type modal intuitionistic dependence logic:

Flatsa:=p|0janala—a|oa|a
General2 A::= |a |ANA|AVA|IA- A|CA| DA

Axioms:

@ axiom schemata of K for Flat-formulas:
(1) axiom schemata of CPC
(2) m(@ - p) — (@a — @p)
(3) ¢a <« ~mD~a
Q —la—la
© (la>AVvB)-> (la—> AV (la—B)
© axiom schemata of Fischer Servi's IK for General-formulas:

(1) axiom schemata of IPC (4) =010
(2) o(A— B) » (oA — OB) (5) ©(AV B) - (CAV OB)
(8) ©(A— B) - (0A— ¢B) (6) (0A— oB) - 0(A— B)

© o(AvB)—- (DAvoB)
Q —O-la—0Ola
Rules: Modus Ponens and Necessitation for formulas of both types

/20
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Multi-type modal intuitionistic dependence logic:

Flatsa:=p|0|janala—a|oa|Da
General>3A:= |[a |ANA|AVA|IA—- A|CA| DA

Axioms:
@ axiom schemata of K for Flat-formulas:
(1) axiom schemata of CPC
(2) B(a — ) — (2a — Bp)
(3) ®a «~m~a
e ﬂ—-ia b ,La
© (le—>AVvB)-> (la—> AV (la— B)
© axiom schemata of Fischer Servi’s IK for General-formulas:

(1) axiom schemata of IPC (4) -©l0
(2) o(A— B) - (DA — OB) (5) O(AvV B) = (CAV OB)
(3) ©(A— B) > (0A— ©B) (6) (0A— OB) — O(A - B)

© o(AvB)— (CAvVOB)

Q@ —<O-la—0Ola
Rules: Modus Ponens and Necessitation for formulas of both types
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Display Calculi

@ Natural generalization of Gentzen’s sequent calculi;

@ sequents X + Y, where X and Y are structures:
- built by structural connectives (e.g. Gentzen’s comma)
- binary trees (not sequences)

@ Display property: adjunction at the structural level
@ Canonical proof of cut elimination

Theorem (Display Property)

Each substructure in a display-sequent is ‘displayable’ in precedent or,
exclusively, succedent position.

A structure in display

Display Postulates YEX>Z
X YrZ ZrY;X X YrZz
YEX>Z @ Y>ZrX Y:XrZ

XrY>Z
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Rules

Operational

A:Br X X+A Y+ B

AANBr X X;Y-rAAB
XEA BrY XrA>B
A—-BrX>Y X+A—> B

Structural

GfiL

(X>Y),Z+ W W|—(X>Y);ZG'

Il

X>(Y:2)r W  WrX>(Y.2) "
X>oYFHZ XFoY >oZ

FSL — FS

"oX>Y)FZ  Xro(Y>2Z) T
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The excluded middle is derivable using (classically valid) Grishin’s rule:

AL A
ATrA
Alr1: A

IFA> (L;A)

IF(A>1);A

I-A;(A> 1)
A>IFA> L
A>IFA—> L
A>1r-A

II—A;—|A

IFAV-A

Gri
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The intutionistic modal axioms are derivable using Fisher Servi’s rules:

ArA BrB
oA+ OA OB+ oB
OA— OBFoA>oB
OA — OBF o(A> B)
o(CA—0OB)FrA>B
o(CA—-oB)rA— B
OCA—- OB+t o(A— B)
OA— oOBr0o(A— B)
(CA—oB);1+0(A— B)
I+ (©CA—OB)>0(A—- B)
I+ (0A—0OB) - o(A— B)

FS

12/20



Canonical cut elimination, 1/2

Definition
A sequent x + y is type-uniform if x and y are of the same type.

A (cut) rule is strongly type-uniform if its premises and conclusion are
of the same type.

Theorem (Canonical cut elimination)

If a calculus satisfies the properties below, then it enjoys cut
elimination.
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Canonical cut elimination, 2/2

@ structures can disappear, formulas are forever;

© tree-traceable formula-occurrences, via suitably defined
congruence:

e same shape, same position, same type, non-proliferation;
© principal = displayed
© rules are closed under uniform substitution of congruent
parameters within each type;

© reduction strategy exists when cut formulas are both principal.
Specific to multi-type setting:

© type-uniformity of derivable sequents;

@ strongly uniform cuts in each/some type(s).
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Structural and operational languages
Flat General

pl0lanala—aloa|oa A= la| ANA|AVA|IA—S A|CA| DA
Fi=al|o|l,TFTal|EX|or|er X:=A|J[|FI|X;X|X>X]|oX]|eX

S
Il
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Structural and operational languages
Flat General

a: A:= la|ANA|AVAIA-> A|CA|DA
s=al®|M, M| Frar|EX|erjer X:=A|l|FTr|X;X|X>X|oX|eX

=
Interpretation of structural connectives

Flat connectives:

plO0lanala—al|®a|Ba

Structural symbols $ , |
Operational symbols | (1) ‘ 0

General connectives:

Structural symbols ;
Operational symbols | A ‘ \Y

Multi-type connectives:

Structural symbols F*

Operational symbols | (f*) ‘ (f) ‘ f) | 1 ‘ l
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Structural and operational languages
Flat General

a: A:= la|ANA|AVAIA-> A|CA|DA
s=al®|M, M| Frar|EX|erjer X:=A|l|FTr|X;X|X>X|oX|eX

=
Interpretation of structural connectives

Flat connectives:

plO0lanala—al|®a|Ba

Structural symbols $ , |
Operational symbols | (1) ‘ 0

General connectives:

Structural symbols ; > o °
Operational symbols | A ‘ V| () ‘ - | < ‘ ol (e) ‘ (m)
Multi-type connectives: (F4f4 )
Structural symbols F* F U

Operational symbols | (f*) ‘ (f) ‘ f) | 1 I l
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Cut rules

Mra (X FAD)[a] XrA  ArY
Cut
Ero)r/ape M XrY Y
Structural rules (propositional)
. Nrra(Ax)
Flat type: Id poFp m CG
Interaction between the two types:
A a _TFA  ymon —XEY o on
FT+ (A Jrya FX +FY
FT+A . FX+rT . JEX+Y
————fad ==——dad L dfeli
rrea oo xrur g xry ofelim
Xr(raoAa) FX,FY+2Z
—=————ddis ————fdis
XrUr>Ja F(X;Y)rZ

XHIr>(Y;2) XrHUr>(Y;2)
XrUr>y),(r > 2

KP
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Structural rules (for modalities)

Structural rules specific to the Gen type:
Xt+e(Y;2)
XreY . eZ
Structural rules governing the interaction between || and modalities:
«re X XE=|r

lelr X Xrlerl

Structural rules common to both types: Let ® € {®, @} and = € {o, o}.

dis

Flat adj 22 [FOA Flatadj Genadj XY —XFo¥ oo
r-eA ol +A XreY oXtY
ST M- o I+ X XrI
nec @b+ T Mo nec nec « [+ X X+l nec
®f J®AF X YreXdeZ *Y>«Zr X YEsX>+Z
FS raA)rx Yre(X32) FS FS H(Y>Z2)r X  YrEx(X>2) FS
e, eA+X [ ®A, 0%
mon mon

o, A)Fx rre(a,x)
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Structural rules (for modalities)

Structural rules specific to the Gen type:
Xreo(Y;2) dis
XroeY; eZ
Structural rules governing the interaction between || and modalities:
e X XbE=|r
JerrX Xrler
Structural rules common to both types: Let ® € {©®, ®} and = € {o, o}.

(@ v ) - g v op)

swap swap

Flat adj orea oA Flat adj Gen adj oXr Y XEoY Gen adj
FOA Ol+A XreY oXt+Y
drT r-¢ IrX X1
nee @b T M+ ed nec =T x X+ eC
®f I®AF X YreXaeZ *Y>+Zr X YEsX>Z
FS oA+ YreX32) FS FS H(Y>Z)r X  Yrx(X>2) FS
@l ,®eA+ X F®A,®r
mon mon
e, )X r-o(A,x)
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ara
at0,a
o, ®r0,a
- @ra3(0,a)
OF(x30),a
“dra,(a30)
adPraa0
Y aad)r (az0) .
Jaad)rla> 10 d dis Or
oll(a 3 ®) + o(la > 10) L0r o
Jlo(aa®)r o(lla> 0) L0F o
O(la>10) - [0rlo(aad)> o
o(la > 10) = [0+ U(0(a 2 @) 1 o)
o(la>10)—> 0Floa
O(la>10) - |0Fola
=O=lakOla

CG

d mon

swap

ddis
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The system is
@ sound and complete,

@ a proper multi-type calculus (for which a Belnap-style cut
elimination metatheorem exists),

@ and thus enjoys Belnap-style cut elimination.
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Future work: a calculus for propositional dependence logic

(Multi-type) propositional dependence logic:

Flatsa = p|0janala—a
General>A:= |[a |ANA|AVA|A—- A|ARA
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Future work: a calculus for propositional dependence logic

(Multi-type) propositional dependence logic:

Flatsa = p|0janala—a
General>A:= |[a |ANA|AVA|A—- A|ARA

@ Axioms:
(A1) CPC axiom schemata for Flat-formulas
(A2) IPC axiom schemata for General-formulas
(A3) (la » (AV B)) - (la > A)V (la - B)
(A4) ==la - la
(A5) p@ (P Vx) e (0®Y)V(Pp®))
(AB) (mla—lp)e (adlp)

@ Rule:
Modus Ponens for formulas of both types
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