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o Nelson Algebras are the algebraic models for constructive logic with
strong negation (Nelson’s system N3).
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o Nelson Algebras are the algebraic models for constructive logic with
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o Nelson Algebras are the algebraic models for constructive logic with
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o eN4-lattices are expansions of N4-lattices by a constant e fulfilling
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o Nelson Algebras are the algebraic models for constructive logic with
strong negation (Nelson’s system N3).

o Nelson Algebras are termwise equivalent to certain residuated lattices,
Nelson residuated lattices.

o N4-lattices are the algebraic models for paraconsistent Nelson logic
(Nelson's system N4).

o eN4-lattices are expansions of N4-lattices by a constant e fulfilling
certain equations.

o eN4-lattices are termwise equivalent to certain residuated lattices,
NPc-lattices.

@ Busaniche, M., Cignoli, R.: Residuated lattices as an algebraic semantics for
paraconsistent Nelson logic. J. Log. Comput. 19, 1019-1029 (2009).
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice

o (L,*,e€) is a commutative monoid

o (residuation) a — b > cif and only if a* ¢ < b.
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice
o (L,*,e€) is a commutative monoid
o (residuation) a — b > cif and only if a* ¢ < b.

Residuated lattices form a variety, as the residuation quasiequation can be
replaced by equations.
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice
o (L,*,e€) is a commutative monoid
o (residuation) a — b > cif and only if a* ¢ < b.

If the underlying lattice is distributive, we say L is a commutative
distributive residuated lattice.
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice

o (L,*,e€) is a commutative monoid

o (residuation) a — b > cif and only if a* ¢ < b.

If e is the maximum element, we say L is integral.
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice

o (L,*,e€) is a commutative monoid

o (residuation) a — b > cif and only if a* ¢ < b.

The negative cone of L istheset L~ ={acL:a<e}
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A (commutative) residuated lattice is an algebra L = (L, A, V, %, —, €)
of type (2,2,2,2,0) such that

o (L,A,V) is a lattice
o (L,*,e€) is a commutative monoid

o (residuation) a — b > cif and only if a* ¢ < b.

The negative cone of L is the set L~ = {a € L: a < e} which is closed
under A, V, % and

a—eb=(a—b)Ae.

L™ = (L7, A, V,*,—,€) is an integral commutative residuated lattice.
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By a full twist-product of an integral commutative residuated lattice L we
mean the algebra

K(L) = (L x L,M,L, 8, =, (e, €))

with the operations LI, M, %, = given by
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By a full twist-product of an integral commutative residuated lattice L we
mean the algebra

K(L) = (L x L,11,L,0,= (e, &)

with the operations LI, M, %, = given by

Coy)N(KLy) = (xAx,yvy)
oYU (K, y) = (x vy Ay)
(Gy)e (X y) = (xx X (x = Y ) A (X = y))
(Gy) = (Y )= ((x = X)A WY = y),xxy')
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K(L) is a residuated lattice.
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K(L) is a residuated lattice.

The correspondence (a, e) — a defines an isomorphism from K(L)™ onto L.
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K(L) is a residuated lattice.
The correspondence (a, e) — a defines an isomorphism from K(L)™ onto L.

Every subalgebra A of K(L) containing the set {(a,e):a € L} is called a
twist-product obtained from L.
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Every twist-product satisfies
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Every twist-product satisfies

o (e-involution) ((x,y) = (e, e)) = (e,e) = (x,y)
(then we define ~ (x,y) = (x,y) = (e,e) = (v, x))
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Every twist-product satisfies

o (e-involution) ((x,y) = (e,e)) = (e,e) = (x,y)
(then we define ~ (x,y) = (x,y) = (e,e) = (v, x))
o (distributivity at (e, e))

oY) U () (")) = (G y) U (X, y) 1 ((xy) U (X7, y™)
(Y)Y YU (X", y") = (G y) (XL y)) U ((xy) (X", y™)

whenever one of the three (x,y), (X, y’), (x”,y") is replaced with

(e, )
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Every twist-product satisfies

o (e-involution) ((x,y) = (e,e)) = (e,e) = (x,y)
(then we define ~ (x,y) = (x,y) = (e,e) = (v, x))
o (distributivity at (e, e))

(y) Uy )" y") = (y) L (X y) T (GG y) L (X7 ™)
() (LY U (") = (e y) (X)) U (o y) 1 (X", y™)
whenever one of the three (x,y), (X, y’), (x”,y") is replaced with
(e.e)

o ((x,y) e (x,y')) M (e e) =((x,y) (e e)) o ((x',y) M (e €))
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Every twist-product satisfies
o (e-involution) ((x,y) = (e,e)) = (e,e) = (x,y)
(then we define ~ (x,y) = (x,y) = (e,e) = (y, x))
o (distributivity at (e, e))

oY) U () (")) = (G y) U (X, y) 1 ((xy) U (X7, y™)
(Y)Y YU (X", y") = (G y) (XL y)) U ((xy) (X", y™)

)

whenever one of the three (x,y), (X, y’), (x”,y") is replaced with

(e, )
(xy)e(Xsy)) (e, e) = ((x,y) N (e, ) o (X, y) M (e, €))

o (
o ((x,y)N (e e)) = (x,y)) M ((~ (X, y) T (e, €)) =~ (x,¥)) =
(xy) = (x,y")
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A K-lattice is a commutative residuated lattice satisfying
o (e-involution) (2 —e) > e=a
(then we define ~a=a — e)
o (distributivity at e)

av(bAnc)=(aVvb)A(aVc)
aN(bvec)=(anb)V(anc)

whenever one of the three a, b, c is replaced with e
o (axb)Ne=(ane)x(bAe)
o ((ane)—=b)A((~bNe)—~a)=a—b
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Let A be a K-lattice. The map

on A — K(A7)
given by

ar— (ane,~aNe)

is an injective homomorphism.

Busaniche, M., Cignoli, R.: Commutative residuated lattices represented by
twist-products, Algebra Universalis 71, 5-22 (2014).
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An NPc-lattice is K-lattice A = (A, A, V, %, —, e) that additionally satisfies
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An NPc-lattice is K-lattice A = (A, A, V, %, —, e) that additionally satisfies
o the lattice (A, A, V) is distributive
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An NPc-lattice is K-lattice A = (A, A, V, %, —, e) that additionally satisfies
o the lattice (A, A, V) is distributive

o (ane)?=aAle
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An NPc-lattice is K-lattice A = (A, A, V, %, —, e) that additionally satisfies
o the lattice (A, A, V) is distributive
o (ane)?=aAle

The negative cone of an NPc-lattice is a Brouwerian algebra: an integral
residuated lattice with ax b = a A b (also called generalized Heyting
algebra or implicative lattice).
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‘ Odintsov, S. P.: Constructive Negations and Paraconsistency. Trends in
Logic-Studia Logica Library 26. Springer. Dordrecht (2008).
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L a Brouwerian algebra, Odintsov defines a weak implication over L x Lo

(x,y) = (X, y)=(x =X, xAy')
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L a Brouwerian algebra, Odintsov defines a weak implication over L x Lo

(xy) = (X, y)=(x =X, xAy)

o A ideal, V filter containing all elements of the form x V (x — y) (we
call them regular filters).
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L a Brouwerian algebra, Odintsov defines a weak implication over L x Lo
(y) = (K Y) = (x =X xAy)

o A ideal, V filter containing all elements of the form x V (x — y) (we
call them regular filters). Then

Tw(L,V,A)={(x,y) :xVyeV,xANy e A}

is the universe of a “twist-product” over L (with this weak implication).

Miguel Marcos NPc-lattices and Gddel hoops 7/ 16



L a Brouwerian algebra, Odintsov defines a weak implication over L x Lo
(y) = (X y) = (x = X, xAy')
o A ideal, V filter containing all elements of the form x V (x — y) (we
call them regular filters). Then
Tw(L,V,A)={(x,y) :xVyeV,xANy e A}

is the universe of a “twist-product” over L (with this weak implication).
o B a “twist-product” over L. Define

V = {m (b~ b): be B, A = {ms(bli ~ b) : be BY.
Then V is a regular filter, A an ideal and B = Tw(L,V,A).
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Let L be a Brouwerian algebra and NV a regular filter of L. Then the subset

Tw(L,V)={(x,y)eLxL:xVyeV},

of the NPc-lattice K(L) is a twist-product obtained from L.
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Let L be a Brouwerian algebra and NV a regular filter of L. Then the subset

Tw(L,V)={(x,y)eLxL:xVyeV},

of the NPc-lattice K(L) is a twist-product obtained from L.

Moreover, if L' is another Brouwerian algebra and V' a regular filter in L,
for each morphism f : L — L' satisfying f(V) C V' we obtain an
NPc-lattice morphism

f: Tw(L,V) — Tw(L, V')

given by f((x,y)) = (f(x), f(y)).
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Let B be an NPc-lattice. Then the set V ={(bV ~b)ANe:be B} isa
regular filter in B—, and

B~ Tw(B™,V).
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Let B be an NPc-lattice. Then the set V ={(bV ~b)ANe:be B} isa
regular filter in B—, and

B~ Tw(B™,V).

Moreover, if B’ is another NPc-lattice, for each NPc-lattice morphism
f : B — B’ we obtain a Brouwerian morphism f : B~ — (B')™ given by
f = f|g-, that satisfies f(V) C V', where V' = {(cV ~ c)ANe:ce B'}.
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Category BF

o objects: pairs (L, V), L a Brouwerian algebra and V C L a regular
filter
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Category BF

o objects: pairs (L, V), L a Brouwerian algebra and V C L a regular
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o arrows: f:(L,V)— (L',V'), f: L — L’ a Brouwerian morphism and
f(vV)ycv
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Category BF

o objects: pairs (L, V), L a Brouwerian algebra and V C L a regular
filter

o arrows: f:(L,V)— (L',V'), f: L — L’ a Brouwerian morphism and
f(vV)ycv
Category NPC of NPc-lattices and NPc-lattice morphisms.
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Category BF

o objects: pairs (L, V), L a Brouwerian algebra and V C L a regular
filter

@ arrows: f:(L,V)— (L', V'), f : L — L’ a Brouwerian morphism and
f(vV)ycv
Category NPC of NPc-lattices and NPc-lattice morphisms.

The functor Tw : BF — NPC that acts on objects as Tw(L, V) and on
arrows f : (L, V) — (L', V') as Tw(f) : Tw(L,V) — Tw(L', V') given by

Tw(f)(x,y) = (f(x), f(y)),

gives an equivalence of categories.
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A Godel NPc-lattice (GNPc-lattice for short) is a NPc-lattice satisfying the
equation

((xne)=y)V(lyne)—=x)Ne=ce.
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A Godel NPc-lattice (GNPc-lattice for short) is a NPc-lattice satisfying the
equation

((xne)=y)V(lyne)—=x)Ne=ce.

Then, as the negative cone of a GNPc-lattice is a Godel hoop, we have
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A Godel NPc-lattice (GNPc-lattice for short) is a NPc-lattice satisfying the

equation

((xAne)=y)V((yrhe)—x))Ae=ce.

Then, as the negative cone of a GNPc-lattice is a Godel hoop, we have

The restriction of the functor Tw to the category GHIF of pairs consisting
of Gédel hoops and regular filters, gives an equivalence of categories
between GHF and the full subcategory GNPPC of NIPC having Gédel

NPc-lattices as objects.
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Recall that if a variety of algebras is generated by an algebra A, then the
free algebra with n generators is isomorphic to the subalgebra of functions
f: A" — A generated by the projection functions.
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Recall that if a variety of algebras is generated by an algebra A, then the
free algebra with n generators is isomorphic to the subalgebra of functions
f: A" — A generated by the projection functions.

Let [0,1]g denote the standard Gédel hoop over the real interval [0, 1].
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Recall that if a variety of algebras is generated by an algebra A, then the
free algebra with n generators is isomorphic to the subalgebra of functions
f: A" — A generated by the projection functions.

Let [0,1]g denote the standard Gédel hoop over the real interval [0,1]. The
variety GNIPC of Gédel NPc-lattices is generated by the full twist product

K([0,1]c)-
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Recall that if a variety of algebras is generated by an algebra A, then the
free algebra with n generators is isomorphic to the subalgebra of functions
f: A" — A generated by the projection functions.

Let [0,1]g denote the standard Gédel hoop over the real interval [0,1]. The
variety GNIPC of Gédel NPc-lattices is generated by the full twist product

K([0,1]c)-

This follows from the fact that [0, 1]g generates the variety GH of Godel
hoops. O]
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The free algebra with one generator in the variety GNPC satisfies

Freegnec(1) = Tw(Gs, G2) x K(Gz2) x Tw(G3, G2)
~ Tw(G3 x Gz X G3,Ga X Gy x G))
= Tw(Freegm(2), V),

where V = Gy x Gy x Gy and Gy denotes the Gédel hoop chain of k
elements.
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FreeGN]pC(l) = Tw (FreeGH(Q), V)
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Following the ideas in A note on functions associated with Gédel formulas
by B. Gerla, the behaviour of the 2-variable terms ¢ is independent in the
following regions of [0, 1]%:

In our case, in the regions x < y <1 and x < y = 1 we cannot have
different behaviours. The same is true for the regions y < x < 1 and
y<x=1, and the regions x =y <land x=y = 1. Ol
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Given a finite tree T, a subtree t of T is an atomic upward closed
subtree of T if t contains the root of T and whenever an atom aof T
belongs to t and b € T with b > a, then b € t.
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Given a finite tree T, a subtree t of T is an atomic upward closed
subtree of T if t contains the root of T and whenever an atom aof T
belongs to t and b € T with b > a, then b € t.

Category Tt fin: objects are pairs (T, t) with T a finite tree and t an
atomic upward closed subtree;
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Given a finite tree T, a subtree t of T is an atomic upward closed
subtree of T if t contains the root of T and whenever an atom aof T
belongs to t and b € T with b > a, then b € t.

Category Tt fin: objects are pairs (T, t) with T a finite tree and t an
atomic upward closed subtree; arrows ¢ : (T,t) — (T’,t') open maps
¢: T — T with ¢(t) C t'.
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Given a finite tree T, a subtree t of T is an atomic upward closed
subtree of T if t contains the root of T and whenever an atom aof T
belongs to t and b € T with b > a, then b € t.

Category Tt fin: objects are pairs (T, t) with T a finite tree and t an
atomic upward closed subtree; arrows ¢ : (T,t) — (T’,t') open maps
¢: T — T with ¢(t) C t'.

Tt.fin is the dual of the category GNIPCy;, of finite Godel NPc-lattices.
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Given a finite tree T, a subtree t of T is an atomic upward closed
subtree of T if t contains the root of T and whenever an atom aof T
belongs to t and b € T with b > a, then b € t.

Category Tt fin: objects are pairs (T, t) with T a finite tree and t an
atomic upward closed subtree; arrows ¢ : (T,t) — (T’,t') open maps
¢: T — T with ¢(t) C t'.

Tt.fin is the dual of the category GNIPCy;, of finite Godel NPc-lattices.

The dual of Freegnpc(1)
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As

n
Freegnec(n) = H Freegnec(1),
i=1
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As
n
Freegnec(n) = H Freegnec(1),
i=1

by duality, characterizing the product in 7 7, we obtain
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As
n
FreeGN]pc(n) = H FreeGN]p(c(l),
i=1
by duality, characterizing the product in 7 7, we obtain

2n—1

n = @a,,,( J_,@J_)@@bln( ( )J-)
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As
n
FreeGN]pC(n) = H FreeGN]p(c(l),
i=1
by duality, characterizing the product in 7 7, we obtain

2n—1

Te @ o 1,000 @) b2, (H9).)
=0

where T, is the dual of Freegnpc(n), H; is the dual of Freegy(i), and

2n
djn = i — Cin bi,n = Cin

where for i <n—1, ¢, =0and fori>n, ¢ip= 22"_i(2n"_’.).

||2
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As

n
Freegnec(n) = H Freegnpc(1),
i=1

by duality, characterizing the product in 7 7, we obtain

Freegnec(n) = ﬁ K((Freegm(f))1)™" x ﬁ TW((FreeGH(i))LvFreeGH("))bi’"

=~ Tw (Freegu(2n), V),

2n—1 2n—1
where V = ] ((Freegm(i)).)®" x [ (Freegm(i))>.
i=0 ;

I=n
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