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Kalman's functor

A Kleene algebra is a De Morgan algebra which satisfies

XNr~x <y Vey.
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Kalman's functor

A Kleene algebra is a De Morgan algebra which satisfies

XNr~x <y Vey.

A Kleene algebra is centered if it has a center. That is, an element c such
that ~c = c (it is necesarily unique).
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Kalman's functor

(a,b) A (d,e) _ (and,bVe),
N(a7 b)

(0,1) as the zero, (1,0) as the top and (0,0) as the center
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Kalman's functor

(a,b) A (d,e)

(and,bVe),
N(avb)

(b, a),

(0,1) as the zero, (1,0) as the top and (0,0) as the center.

@ Kalman J.A, Lattices with involution. Trans. Amer. Math. Soc. 87,
485—-491, 1958.
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Kalman's functor

(a,b) V (0,0) = (aV/ 0,b A 0) = (a,0).
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Kalman's functor

(a,b) V (0,0) = (aV 0,b A 0) = (a,0)

Therefore, the center give us the coordinates of (a, b).
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Kalman's functor
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N
Kalman's functor

©Q There is an equivalence between BDL and the category of centered
property (IP).

Kleene algebras which satisfy a condition called the interpolation
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Kalman's functor

by K(f)(a, b) = (fa, fb) is a morphism of Kleene algebras.
©Q There is an equivalence between BDL and the category of centered

Kleene algebras which satisfy a condition called the interpolation
property (IP).

o Cignoli R., The class of Kleene algebras satisfying an interpolation
property and Nelson algebras. Algebra Universalis 23, 262—292, 1986.
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N
Kalman's functor

Q In K(L), if x,y > cand x Ay = c then x and y takes the form
x = (a,0), y = (b,0) with a A b= 0. In this case, z = (a, b).
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N
Kalman's functor

Q In K(L), if x,y > cand x Ay = c then x and y takes the form
x = (a,0), y = (b,0) with a A b= 0. In this case, z = (a, b).

@ In an unpublished manuscript (2004) M. Sagastume proved:

A centered Kleene algebra satisfies (IP) iff it satisfies (CK).
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Centered Kleene algebra without (CK)
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Centered Kleene algebra without (CK)

7N

~ X

N

0

We have that x,y > c and x A y = c. However there is not z such that
zVec=xand ~zVc=y.
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Kalman's functor
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Kalman's functor
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Kalman's functor

Q If L € BDL then o : L — C(K(L)) given by a(a) = (a,0) is an
isomorphism in BDL.
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Kalman's functor

Theorem

There is a categorical equivalence K -4 C between BDL and the full
subcategory of centered Kleene algebras whose objects satisfy (CK), whose

unit is a and whose counit is f.
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Kalman's functor

Theorem

There is a categorical equivalence K -4 C between BDL and the full
subcategory of centered Kleene algebras whose objects satisfy (CK), whose

unit is a and whose counit is f.

@ Sagastume, M. Categorical equivalence between centered Kleene
algebras with condition (CK) and bounded distrib%tive_:lattic_zes, 2__00ﬁl).q0
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Kalman's functor for Heyting algebras

Q A Nelson lattice is an involutive bounded conmutative residuated

lattice which satisfies an additional equation. The varieties of Nelson
algebras and Nelson lattices are term equivalent.
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Kalman's functor for Heyting algebras

Q A Nelson lattice is an involutive bounded conmutative residuated

lattice which satisfies an additional equation. The varieties of Nelson
algebras and Nelson lattices are term equivalent.

© If — is the implication of a Nelson algebra, then the implication as
Nelson lattice is given by

x5y =(x = y)A(~y =~ x)
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Kalman's functor for Heyting algebras
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-
Kalman's functor for Heyting algebras
Theorem

(Cignoli) The category of Heyting algebras is equivalent to the category of
centered Nelson algebras.
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Kalman's functor for Heyting algebras

Theorem

(Cignoli) The category of Heyting algebras is equivalent to the category of
centered Nelson algebras.

Theorem

The category of Heyting algebras is equivalent to the category of centered

Nelson algebras. The equivalence can be proved using the functors K and
C.
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-
Kalman's functor for Heyting algebras

Theorem

(Cignoli) The category of Heyting algebras is equivalent to the category of
centered Nelson algebras.

Theorem

The category of Heyting algebras is equivalent to the category of centered
Nelson algebras. The equivalence can be proved using the functors K and

C.

Theorem

The category of Heyting algebras is equivalent to the category of centered
Nelson lattices. The equivalence can be proved using the functors K and C.

«O0» «F» «E» « >

DIAE
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Kalman's functor for Heyting algebras

Hernan Javier San Martin (UNLP)

«O» «F» «Z» «=>»

A
September 2016



Kalman's functor for Heyting algebras

The implication = as Nelson lattice will be given by

(a,b) = (d,e) =((a— d) A (e — b),aNe).
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DLI-algebras

Definition
An algebra (H, A\,V,—,0,1) of type (2,2,2,0,0) is a DLI-algebra if
(H,A,V,0,1) is a bounded distributive lattice and the following conditions
are satisfied:

Q@ (a—b)A(a—d)=a— (bAd),
@ (a—>d)A(b—d)=(aVhb)—d,
Q@ 0—-a=1,
Qa—-1=1
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-
DLI-algebras

Definition
An algebra (H, A\,V,—,0,1) of type (2,2,2,0,0) is a DLI-algebra if
(H,A,V,0,1) is a bounded distributive lattice and the following conditions
are satisfied:

Q@ (a—b)A(a—d)=a— (bAd),
@ (a—>d)A(b—d)=(aVhb)—d,
Q@ 0—-a=1,
Qa—-1=1

o Celani S., Bounded distributive lattices with fusion and implication.
Southeast Asian Bull. Math. 27, 1-10, 2003.
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DLI-algebras and the functor K
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DLI-algebras and the functor K

aN(a—d)NeN(e— b)=0.
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DLI-algebras and the functor K

aN(a—d)NeN(e— b)=0.

If for instance we consider DLI-algebras with the additional condition

aN(a—d)<d
then we obtain that = is a well defined map in K(H).
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DLI"
Definition

following equation:

We write DLIT for the variety of DLI-algebras whose algebras satisfy the

an(a— b)<b
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DLI*

Definition
We write DLIT for the variety of DLI-algebras whose algebras satisfy the
following equation:

an(a— b)<b

Remark
Let (H, A\) be a meet semilattice and — a binary operation on H.
The following conditions are equivalent:

Q@ aAN(a— b) < bforevery a,b.

@ Forevery a,b,d,ifa<b— dthenaAb<d.

DIAE
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Kalman's functor

Q (T,A,V,~,c,0,1) is a centered Kleene algebra,
Q (T,A,V,—,0,1) is a DLI-algebra.

© — is a binary operation on T which satisfies certain equations
involving the other operations.
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N
Kalman's functor

Q (T,A,V,—,0,1) is a DLI-algebra.
© — is a binary operation on T which satisfies certain equations
involving the other operations.

Theorem

There is a categorical equivalence K - C between DLI' and the full
subcategory of KLI whose objects satisfy (CK), whose unit is o and whose
counit is 3.
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Final remarks
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Final remarks

o If H e DLIT then K(H) is a DLI-algebra.

o If H € DLIT then the implication in K(H) is interdefinable with other
operation, and K(H) with this operation is an algebra with fusion.

@ This construction also generalizes some given for the case of integral
commutative residuated lattices with bottom.
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