CAPTURING ALEXANDROFFNESS
WITH AN INTUITIONISTIC MODALITY

MAMUKA JIBLADZE

ABSTRACT. It is easy to see that a topological space is Alexandroff if and only if the Cantor-
Bendixson derivative operator on the Boolean algebra of its subsets has an adjoint. We address
the question whether Alexandroffness can be detected by existence of an adjoint for the re-
striction of the dual operator to the Heyting algebra of open sets. The answer turns out to be
negative—the corresponding class of spaces is strictly larger than that of Alexandroff spaces; in
fact moreover spaces whose lattice of closed sets is Heyting, and spaces whose lattice of closed
sets is isomorphic to the lattice of open sets of (another) space also lie strictly in between.

1. THE “CLASSICAL” CASE

Recall that an Alezandroff space is a topological space homeomorphic to a space obtained
from a preorder (X, <) by equipping X with the Alezandroff topology—the topology whose open
sets are all upsets w. r. t. <, 1. e. sets U € X with

Vesyz€U=yeU.
In that case, < coincides with the specialization preorder of the topology:
z<Sy < zeC{y} «— C{z} c C{y}

for any z,y € X, where C is the closure operator of the topology.

One can find many equivalent characterizations of Alexandroff spaces in the literature, the
most common being that any intersection of open sets is open, or every point possessing least
neighborhood. The one which is probably most interesting from the point of view of modal logic
is in terms of adjoints to unary operators. Recall that for maps f: X - Y, g: Y — X between
posets (X, <x) and (Y, <y ), the following conditions are equivalent:

(1) for any z € X, y € Y one has
z<x g(y) = f(z)<ry;
(2) both f and g are monotone and satisfy
z<x 9f(z), f9(y)<vy
foranyze X,yeY.

Under these circumstances one says that (f, g) form an adjoint pair, with f left adjoint to g
and g right adjoint to f. Notation is f - g.

Recall that a map between complete posets (those admitting all suprema and infima) has a
right (resp. left) adjoint iff it preserves all suprema (resp. infima). More precisely, f : X — Y has
a right adjoint iff for any y € Y the set

{zeX | fz) <y y}
has a supremum g¢(z) preserved by f; similarly, g : Y — X has a left adjoint iff
{yeY | z<xg(y)}

has an infimum f(z) preserved by g, for any z € X.
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One has the following

(1.1) Proposition. A topology on a set X is Alezandroff if and only if the corresponding
interior operator | : Z(X) —» P(X) on the powerset of X (with the subset inclusion order)
has a left adjoint. An equivalent requirement is that the closure operator C: 2 (X) - Z(X)
has a right adjoint.

Proof. Although this is a well known (folklore?) exercise, we reproduce the proof here. Suppose
the topology is Alexandroff, obtained from the preorder < on X. Then the corresponding interior
operator is given by

|5(S) = {ac e X | Vzgs S e S}
and the closure operator by

CS(S) = {:L’EX | 39;55 SES},
and it is straightforward to verify that there are adjunctions

CsHlg, C<cHlIs.

For the converse, first note that a map f between Boolean algebras with their canonical ordering
has a left (resp. right) adjoint iff the dual map —f— has a right (resp. left) adjoint; this in
particular applies to our situation as the interior and closure operators are mutually dual. So
suppose that C has a right adjoint. Then it preserves all suprema; in particular, for any S € &(X)
one has

CSs=ClJ{{s} | sest=[J{C{s} | seS}={eeX | Jecis) s€S}=Cx(S),

where < is the specialization preorder corresponding to our topology. |

2. SWITCHING TO THE DERIVATIVE

In case one is interested in semantics of intuitionistic rather than classical modal logic, then
the natural algebras to look at would be not the powersets &2(X) but the Heyting algebras &'(X) of
open sets for a topology. Now there is no meaningful way to restrict the above adjunction condition
to open sets, as the interior operator restricts to the identity there. Observe however that in the
above proposition we might equivalently pick instead of the interior and closure operators the
Cantor-Bendizson derivative operator & and its dual — & —. Recall that for a subset S € X of
a topological space X, 6 S is the set of limit points of S—those points z € X with the property
that any neighborhood of z meets S\ {z}. Thus the closure operator is definable through & via
CS=SudSforany Sc X.

The dual operator T = — & —, although thoroughly studied by several authors (for just one nice
example, [2]), does not seem to have commonly recognized name. This operator assigns to a set
S the set TS of those points ¢ of X which are surrounded by S—i. e. there is a neighborhood
U sz of z with U\ {z} € S. Dually to the above one has 1S =S n TS for any S € Z(X).

Then,

(2.1) Proposition. A topology on X s Alezandroff iff the Cantor-Bendizson derivative &
has a right adjoint.

Proof. For the Alexandroff topology corresponding to a preorder <, the Cantor-Bendixson deriv-
ative is given by
85<(S)={zeX | Jpxs s#z & se S},
and the antiderivative by
T<(S)={ze X | Vo<s s£z=>5€ S}.
Thus just as above it is easy to check that one has

65—|TZ and 62—|T§.
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Conversely, suppose that & has a right adjoint T. Then one has

CSCT < ScT& dScT
— ScT&ScxT,

so C has a right adjoint given by T'— T n T T'. Hence by 1.1 the topology is Alexandroff. O

Given that, we might ask whether Alexandroffness can be captured by only requiring existence
of adjoint for the trace of T on open sets. Now T indeed restricts to opens, in the sense that TU is
open for any open U (equivalently, 6 C is closed for any closed C). This is because by definition
z € tU happens iff there is a neighborhood V 3 z with V\{z} € U. But openness of U is the
same as U € TU, so we have V\{z} € tU and {z} S TU, hence V C tU.

We thus have the restricted operator T¢(x) : 0(X) — O(X). Several authors (see, for example,
[1]) have noticed that in fact this restricted operator does not depend on X, i. e. can be defined
purely in terms of the complete Heyting algebra ¢(X). Indeed, as shown in [1], TU can be
characterized as the largest among those V 2 U in &(X) for which the lattice [U, V] is Boolean.
Alternatively, one also has

U=/ \{Weo(X) | W—U=U}

in 0(X). It is clear that these constructions make sense in any complete Heyting algebra H, and
are known to yield the same result there. Let us reproduce here this result for completeness. To
formulate it, recall that an element d of a lattice is called dense if d A ¢ = 0 implies z = 0 for any
z in the lattice. In a Heyting algebra, this happens if and only if —=d = 0.

(2.2) Proposition. For any element a of a complete Heyting algebra H, the set of those
be H for which the lattice [a A b,b] is Boolean has a largest element. This element is equal
to

Ty(a) = /\ {d=a | dis a dense element of the lattice [a,1]—equivalently, d - a = a}.

Proof. Evidently
tr(a) = T[a,1)(O[a,17);
moreover for any b one evidently has
{b=d>anb | disdensein [a A b,b]} ={bAd | disdensein [a,l1]},
hence one has
Tlanb,b] (O[a/\b,b]) =bA TH(a)'
In particular, one has
b<th(a) <= Tlansp](0[ansp)) = b

On the other hand, a Heyting algebra H is Boolean if and only if T (0g) = 1y, i. e. 1y is
the only dense element of H. Indeed, all elements of the form a v —a are dense as —(a v —a) =
—a A ——a = 0.

Thus we obtain

b<tg(a) < [a A b,b]is Boolean.

We then make the following

(2.3) Definition. A topological space X is called pseudoalezandroff if the above operator T4 (x)
has a left adjoint ¢ : 0(X) — O(X).
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3. CHARACTERIZATION

Note that because of the above pseudoalexandroffness of a space only depends on the algebra
of its open sets; in particular, a space is pseudoalexandroff if and only if its Tg-reflection is. In the
following theorem we thus restrict attention to To spaces; later we will easily handle the general
case.

(3.1) Theorem. A Tgy-space X is pseudoalezandroff if and only if in any open set U of X,
the subset of points of U which are closed in the induced topology on U 1s discrete.

Proof. Suppose Tg(x) has a left adjoint . Then necessarily
OV =AU | V<U}
= /\{U | [U AV,V]is Boolean}
= /\{U <V | [U,V]is Boolean} .
Moreover so defined < will indeed be left adjoint to T4 (x) if and only if one has
V<oV
for all V, since

STU KU

evidently always holds. It follows that T5(x) has a left adjoint if and only if for all V' the interval
[¢ V,V] is Boolean, with ¢ defined as above. Equivalently, for any family U; < V with [U;, V]
Boolean for all ¢ € I, the interval

must be Boolean too. Another equivalent condition is that for any V there is a smallest U < V
with [U, V] boolean.
Now for any open U one has
TU =U u{z | is an isolated point of X\U}.
Moreover if Ts(x) has a left adjoint <, then one has
2¢OV — OV X\{z}
— OV cI(X\{z}) = X\C{z}
— V ct(X\C{z})
> [V n(X\C{z}),V]is Boolean
< O(V n C{z}) is Boolean.
Here all the equivalences are obvious except probably the last, which is the consequence of the
fact that for any U < V the lattice &(V\U) is isomorphic to the interval [U,V]. Taking here
U = V\C{z} gives what we need as V\C{z} =V n (X\C{z}) and V\(V\C{z}) =V n C{z}.
Now the lattice of opens of a Ty space is Boolean if and only if the space is discrete. Moreover,
any subspace of a T space is Tg. It follows that for any V € €(X) and any z € X, the lattice
O(V n C{z}) is Boolean if and only if any z’ € C {z} has a neighborhood whose intersection with
V is {z'}. In more detail, this condition reads
Vorev (Vﬁ’(x);)V’aa:’ Te€ VI) = (Hﬁ(X)SV’Bm’ VAV = {m/}) -
But z € V' and V n V' = {z'} together imply 2’ = z, so one obtains
SV ={zeV | VnC{z}=#{z}},
i. e. 'V is the set of nonclosed points of V.
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Now the adjunction condition V' € Tt V, which, since U € tU for all U, is equivalent to
V\OV € tdV, reads

Voev (V 0 Cfz} = {z}) = (Fvise Yoryer' V 0 Cly} # {1}),

1. e. any closed point of an open set has a neighborhood consisting of nonclosed points of this
open set. Together with openness of ¢ V' this gives

VEEVEIV’Qa:Vz;ﬁyEV’ Vn C {y} # {y}7

i. e. any point of an open V has a neighborhood consisting of nonclosed points of V. In other
words, the set of closed points of any open V is discrete in the induced topology.
Moreover the condition ¢ tU < U, or equivalently TU\U € TU\ $ tU means in detail

Ve¢ U3V sz V\{z} € U)=(z is a closed point of TU).

It is easy to see that this condition is equivalent to requiring that the set of isolated points of
any closed subset is T;. But the latter set is actually always discrete, so the condition is trivially
satisfied. O

Now to the general case. We introduce some further notions for that.
(3.2) Definition. A point of a topological space is cluster-closed if its closure is antidiscrete.

(3.3) Definition. Call a topological space 0-pseudoalezandroff if its subspace of cluster-closed
points is a topological sum of antidiscrete spaces.

We then have

(3.4) Corollary. A topological space is pseudoalezandroff if and only f all of its open sub-
spaces are 0-pseudoalezandroff.

Proof. The point is that a point is cluster-closed iff its image in the Ty-reflection is closed, and a
subspace is a topological sum of antidiscrete spaces iff its image in the Tg-reflection is discrete. O

Here is another feature of (Ty) pseudoalexandroff spaces stressing their “near-alexandroff”
behavior.

(3.5) Proposition. In a Ty pseudoalezandroff space one has
(V) = 1<(V)
for any open set V, where < is the spectalization order.

Proof. We have seen in the course of proving 3.1 that for any open set V of a Ty pseudoalexandroff
space X the left adjoint ¢ to T5(x) is given by

S(V)={zeV | VnClz} #{z}}={2eV | Jyev y <z}.

But since all open sets are upsets with respect to the specialization order, the latter set is the
same as

{zeX | Jyev y <z} =86(V).

And T4(x), which must be right adjoint to this operator, will then coincide with the restriction
of the right adjoint to 8§ to £(X), i. e. with T<. O

The author does not know whether converse is true.



6 MAMUKA JIBLADZE

4. SOME INTERMEDIATE CLASSES

Clearly any Alexandroff space is pseudoalexandroff. Indeed, as we saw in 2.1, in this case T<
has a left adjoint 6>, and the latter operator restricts to =-closed sets, which is the same as
<-open sets.

However, not only do not the classes of Alexandroff and pseudoalexandroff spaces coincide—
there are in fact some distinguishable classes of spaces in between.

(4.1) Definition. A bispace is a bitopological space in which open sets of one of its topologies
coincide with closed sets of the other topology.

Obviously one has

(4.2) Proposition. The notion of bispace is equivalent to that of Alezandroff space, in the
following sense. Any preorder X produces a bispace by considering Alezandroff topologies
of X and X°, and conversely, topologies of any bispace are Alerandroff, corresponding to
some preorder and its dual.

Proof. It suffices to note that for a bispace, any intersection of closed sets is closed, and any union
of opens open, for both topologies. a

(4.3) Definition. A topological space X is a Janus space if the lattice &'(X) of its open sets is
isomorphic to the lattice of closed sets of some topological space.

For example, any Alexandroff space, i. e. any bispace, is a Janus space. Also note that any
space whose lattice of opens is self-dual is a Janus space. On the other hand, one has

(4.4) Example. Let X be the interval (0, 1) equipped with the intersection of the Alexandroff and
Euclidean topologies. Thus the open sets are (a, 1) for 0 < a < 1, so that (X)) is order-isomorphic
to [0,1]. This is self-dual, so X is a Janus space. However it is obviously not Alexandroff.

(4.5) Definition. A topological space X is a bi-Heyting space if 0(X) is a bi-Heyting algebra.

For example, any Janus space is obviously bi-Heyting. We do not know whether converse is
true.
Moreover one has

(4.6) Proposition. For any complete bi-Heyting algebra H, the operator Tty has a right
adjoint.
Proof. By 2.2 one has
a <ty(b) < [a A b,a] is Boolean

<= [b,a v b] is Boolean

< Tyo(a) < b
thus Tgo is left adjoint to Tg. O

In particular, we have

(4.7) Corollary. Any bi-Heyting space is pseudoalezandroff.

O
However, not every pseudoalexandroff space is bi-Heyting:

(4.8) Example. On the one point compactification X = Nu {#} of the set N of natural numbers,
consider intersection of its topology with the Alexandroff topology of the natural ordering of N,
with # incomparable with the rest (rather than being the largest element). Thus the open sets of
the resulting space X are U, = {n,n +1,...}, n >0, U/, = U, u {#}, with U} = X, and the empty
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set. One has 1@ = &, TX = X = tUy, whereas for any n > 0 one has TU;, = U},_, = tU,.
This operator has a left adjoint ¢ given by ¢ @ = @ and ¢ U, = Upy; = QU), for all n > 0.
Pictorially, €(X) with ¢ on it looks like an “upside-down Jacob’s ladder”:

X
VRN
U ¢ Uy
AN
;\\Ul/ & Ué
N
é\\Uz/ & Ué
AN
<’>\\U3/ & Uli

AN
g
AN

@QO

Thus X is pseudoalexandroff. It is however not bi-Heyting—for example, &'(X) does not possess
X = Up. Indeed one has Uy u U,, = X for all n but

Uou A\{U, | n>0}=Up # X,

since

AT | n20) =1\{U | n20) =103} = 2.

(Ued(X) | UuvUp=X)}

does not possess smallest element, i. e. X = Uy does not exist.

Thus the set

We finish with
(4.9) Proposition. A space is a bi-Heyting Tp space tff it is a Tg Alezandroff space.

Proof. Obviously any poset is bi-Heyting and T in its Alexandroff topology. Conversely, a space
X is Tp iff for any z € X the set

Cyp = C{z}\{z}
is closed. If X is moreover bi-Heyting, then there is an open set
Up := (X\Cq) = (X\ C{z})

which is smallest among those opens U for which

Uu(X\C{z}) 2 X\C;
—or, equivalently,

(X\C)\(X\C{z}) < U.
But

(XN\C)\(X\C{z}) = C{z}\Co = C{z}\(C{z} \{z}) = {z},

so that U, is the smallest neighborhood of z. And it is well known that a space is Alexandroff iff
each of its points has smallest neighborhood. O
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Note that the space from 4.8 above is in fact also Tp, so it is not possible to weaken “bi-Heyting”
to “pseudoalexandroff” in the last proposition.

To summarize, we have arrived at the following picture:

selfdual

>

y pseudoalexandroff

> — .
Alexandroft . Janus _ , bi-Heyting

Ty &Alexandroff <= Tp & Janus <= Tp & bi-Heyting < Tp & pseudoalexandroff.
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