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Part |. Notations 1

ot =(2,2,2,2,0,0) Isatypeof algebraswith four
bi nary operations denoted by U, U, @ , 4,
and two constants O, 1.

e m=(2,2,2,2,1,1,1,0,0) isatypeof algebraswith four binary
operations denoted by U, U @ , 4, threeunary operations
denoted by v, f, @ and two congtants 0, 1.
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Part |. Notations 2

« K(t) isthedassof al alggras A=(AU,U®,4%,0,1) of typet,
« K(m)isthedassdf dl agdrasA=(AUU®,4,v, f,@01) of typem
« M) isthedassdf al algdras Al K(7) suchthat itsunderlying
dobrat[A=(AUU®, 4,011 K(t) and thethreenewunary
oparationsy, f,@: A® Asatidythe following equations:
w=1® x, fx=x4%0,
X® 0=@x=14 X



http://www.docu-track.com/index.php?page=38
http://www.docu-track.com/index.php?page=38

- XCHAp, - XCHA,
o=l <O VG
8 8
) O,
) )
> S
o ©
\¥\ (.‘F
O Q& 2 O Q
o4 < o <4
Jocy-traty Jocy-tra

Part |. Heyting algebras

A Heyting algebraisa system H =(H,U,U,®,0,1) of type
(2,2,2,0,0) suchthat (H,U,U,0,1) isa bounded lattice
andfor all x,yl H, zEx® yifandonlyif zUXEy.
We will denote by H the class of Heyting algebras.
An embedded Heyting algebra in M(7) is a system
FF=(H,0U®, 4,v, f,g01T M(m such that
H =(H,U,U® 0,11 H and PF satifies:

- X4y Yy=(X® y)® 0, Ox=x® 0=14 X,

. wx=1® x=x, X = x % 0 = D
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Part |. Brouwer algebras

A Brouwer algebraisa system B = (B, U, U, 4,0,1) of type
(2,2,2,0,0) such that (B, U, U,0,1) is a bounded |attice
and for all x,yl B,x4 y£ zifandonlyifx£ yUz

We will denote by Br the class of Brouwer algebras.

An embedded Brouwer algebra in M(m) isa system

B=(B,U,U®,4,v,f 3011 M(m such that
B =(B,U,U,4,0,)1 Br and B satifies
- X® y=14(X4y), ODx=x® 0=14% X,
- wx=1® x=00x, fx=x40=x
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Part |. Boolean algebras

A Boolean algebraisa system B = (B,U,U,°,0,1) of type
(2,2,1,0,0) such that (B,U,U,0,1) is a bounded distributive
lattice and for all xI B, xUx® =1and xUx° =0.
We will denote by B the class of Boolean algebras.
An embedded Boolean algebra in M (/1) isa system
B=(B,0,U®,4,v,f,3017 M(m such that
B =(B,U,U,d,0,1) isa Boolean algebra and B satisfies:

. X® y=@xUy, x4 y=xUQdy,

X =1® x=x, fx=x40=x, @X=x® 0=1% x.
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Part |. Properties1

Notations

1) H(m) istheclassof embedded Heyting algebrasin M(m).

2) Br(m istheclass of embedded Brouwer algebrasin M(m).

3) B(m istheclassof embedded Boolean algebrasin M(m).

Proposition1.B(m =H(m) C Br(m
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Part |. Properties 2

Proposition 2. Every algebra AT H(m) E Br(m),
satisfiesthe following relations.

() x® 0=@x =14 X,

(i) V(x4 y) =B(x ® ),

(i) f (x® y)=@(x4 y)

(iv) v(V(X)) =V(X) £ X £ f(X) = f(f(X),

(V) v(xUy) = v(x) Uw(y),

(i) f(xUy) = f () Uf(y),

(vil) v( (X)) =38Dx = f (V(X)).
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Part |. A mathematical problem
regarding the previous structures

Problem formulation

Determine a minimal classof algebrasC
such that the following relation holds:

H(MEBr(ml C1 M(m).

Remark
New classes of structures must be considered

with respect to the above mathematical problem.
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AHeyting-Bromer algdora (coude Heting algdara) isasygem
A=(AUU® 4,011 K(t) suchthat
(AUU®,0)T Hand (AU U 4,011 Br.

Let HBr (¢) bethedassof al Heptting-Brouwe algeras
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Proposition 3.Let A= (A U,U,® ,4,0,1)1T HBr(t).
The following conditions are equivalent :

(i) Forall x,yl A x® 0=14 x

(i) Theunderlying poset of Aisa Boolean algebra.
If A satisfies(i) or (i) thenthe corresponding unary
operation of complementation *: A® Asatisfies:
X® 0=x"=14x, xX*Uy=x® yand xUy°®=xyy.
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Part |. New structurereguired

| na Heyting-Brouwer algebra A thetwo unary operations
of Heyting negation and of Brouwer negation coincide
If and onlyif AisaBooleanalgeora.

Thusa new sructure must beintroduced.
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Brouwerian D-algebras
A Brouwerian D-algebraisa system Al K(m) such that

there exist A#1 H(m), B1 Br(m and an isomorphism from
A onto a subdirect product of the pair (F#, B) in K(m).

Let BrD(m) be theclassof Brouwerian D-algebras.

We present now basic properties derived from this definition,
In order to establish that a solution of the problem previously
mentioned isdefined by theclassC =BrD(m).
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Part |. Properties 3

Proposition 4. Let Al K(m). Then Al BrD(m) if and onlyif
thereexist A1 H(m), BT Br() and aninjective homomor phism
i:A® Ft’ B suchthat p,(i(A)) = Af and p,(i(A)) = B.
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Part |. Properties4

Proposition 5. The following conditions hold :

(i) H(MEBr(m 1 BrD(m),

(ii)If HT Hand BT Br then " B1 BrD(m) C M(m),
(iii) BrD(m | M(m).



http://www.docu-track.com/index.php?page=38
http://www.docu-track.com/index.php?page=38

¢ XCHAN S e ARCHAN
<< D << D
S S
N\ N\
5 5
\’\\ﬁ \’\\ﬁ
‘&\o ‘&\O
% o AL o
2, (OQ P’/"’z. (0\\
)\ 70c1rach ) 70ctracts

Part |. Consequences

Specificexamples. Fromthe properties previoudy
presented oneobtains different exanples of algebras of
thedass Br D(7) associated withtopological sructures.
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Part |. Specific examples of
Brouwerian D-algebras

q Direct product of two chains
A=t k. where & isan embedded Heyting chain
and Ct isan embedded Brouwer chainin K(m).

o Topological examples
A = O’ﬁ‘f"?) ’ C“’Fﬁ where Cﬁ IS an
embedded Heyting algebra of open sets

of atopological space U and (ﬁ IS an
embedded Brouwer algebra of closed sets
of atopological space V.
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Part |. Properties5

Proposition 6. Theunary operationv:A® A
ISsa join semilattice homomorphism and itis

an interior operator of the poset (A£,01).

Proposition 7. Theunary operation f :A® A
Isa meet semilattice homomorphism and it is

aclosureoperator of the poset (A£,0]).

Proposition 8. If Al BrD(m) then A is
Isomorphicto a subdirect product of the

pair of algebras (VA, fA)] H(m Br(m.
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Part |. Properties 6

Proposition 9. If Al BrD(#) then @Al B(n) isan embedded

Boolean algebra with the support set verifying @A=vAC f A,
wher e the Boolean complement of xisxC=@x, for all xXI TA

Theorem1 BrD(n)isthevariety of agdoras generated by H(mEBr ().

Theorem 2. Thedual space of any Brouwerian
D-algebra Aisa gluing of two Stone spacesof the

pair (VA, ﬁ) defined by Priestley duality theory.
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Part |. An informal description of
Involutive Brouwerian D-algebras

¢ Aninvolutive Brouwerian D-algebraisa
Brouwerian D-algebra equipped with an involution
satisfying some natural conditions.

e A specific mode and the definition of the structure of
Involutive Brouwerian D-algebra are derived from
the following particular topological example:
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Part |. A topological model

Let X beatopological space Then Sg(X)=0p(X) Cl(X)
Isa particular Brouwerian D-algdarawiththe property that
CI(X)isisonorphicwiththedual of Op(X).
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Part |. Notations 3

. =(2,2,2,2,1,1,1,1,0,0) isatypeof algebras
of K()extended with anewunary operation
denoted by ¢

. K(n?) isthedassof all algebras
A=(AUU® 4.V, T,0°,01) of typent.

. M(n) isthedassof all algeras Al K(17)
suchthat MAI=(AUU® ,4,v, f,&0DT M(m).
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Part |. Definition

An involutive Brouwerian D-algebra isa system

A= (A1 U! U1® 1%1V1 f_1g1d 1011)T K(,ﬁ)1
such that the following conditions hold :

|BrD1) Theunderlying msystemof Aisa

Brouwerian D-algebra, namdy

mA]=(A,0,U® 4,v, f,4,01)1 BrD(m.
|BrD2) The system (A, U, U,* ,0,1) isa De Morgan algebra.
| BrD3) The following equation holds, for all x,yT A,

X® y)* =y 4 x°.
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Part |. Examples

« Examplel
The Brouwerian D-algebra Sq(X)=0p(X) CI(X)
associated with a topological space X together with
the unary operation d defined by (O,F )d=(F C,OC),
for all O Op(X)and F1 CI(X), where for a subset
Sl X,S¢=X\Sisthe complement set of Sin P(X).

e Example?2

Thereal unit square P=AH[01 B[0]] together with theunary
operation d representing the symmetry with respect tothe diagonal
segment [(0,1),(1,0)] defined by (a,b)d=Q1- b,1- a), for all a,f1 [0,1],

where H[0,1] isthereal Heyting chain[0,1] and B[0,1] isthereal
Brouwer chain [0,1].
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Part |. Remark

Thedass 1BrD(x°) of all involutive Brouwerian D - algebras
isavariety of algebrasin Mi(x°) characterized by three setsof
equations express ng theconditions | BrD1), 1 BrD2) and | BrD3).
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Part |. Properties 7. an equational
characterization

Theorem 3. Let E(nf') betheclassof all algebras

A= (AU U®  4,v, f, 30101 K(n') suchthat

the following eguationshold, for all x, yT A:
e) x4 y=(y' ® x)°,
e2) vx=1® x,
e3) fx=(0°® x%)°,
ed) Dx=x® O.
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Part |. Properties 7. an equational
characterization

AsystemA=(AUU®,4,v, f,8",0)1 E(nf)
Isaninvolutive Brouwerian D-algebra if and only if
A satisfiesthe following axions, for al x,y,z1 A

1) xU(yU2) =(zU(xU0)U(yU(xU0)),

2) xU(xUy) = x,

3) 0° =1,

4) (x* Uy")? =xUy,

5)1® (xUy)=(1® xU1® vy),

6) (1® x)Ux=x,

7) (1® U0 ® x) U(x® 0)) =x,
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Part |. Properties 7. an equational
characterization

Y x® y=(1® X)® v,

9) x® (xUy) =1,

10) 1® (xU(x® y))=1® (xUy),

1) x® (y® 2)=(xUy)® z

12) x® (2 ® y")! =(xU(y® 2))° @ 19)".
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Part |. 1. Strong filters, strong ideals
and congruencerelations

. Supposethat A= (A,U,U,® ,4,v, f.2,,0,DT IBrD(nf).

- Astrong filter of Aisanonempty subset F of Averifying:
F1) xT Fand yl Aimply xUyl F,
F2) xT F and y1 F implyv(x Uy)T F,
F3) xT F implies@x°1 F.

. Theset of strong filtersof Aisacompletelattice F (A)
with respect to the set inclusion becauseit is closed under
arbitrary set intersection.
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Part |. 2. Strong filters, strong ideals
and congruencerelations

- Adtrong ideal of Aisanonempty subset | of Averifying :

D xT 1 and yT Aimply xUvyT 1,
2)xT Tand yT | imply f(xUy)T 1,

3)x1 I implies@x°1 1.

. The set of strongidealsof Aisacompletelattice 1™ (A)
with respect to the set inclusion becauseit isclosed to
arbitrary set intersection.
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Part |. 3. Strong filters, strong ideals
and congruencerelations

Theorem 4. Let Abeaninvolutive Brouwerian D - algebra.
Thenthereexists a compl ete lattice isomorphism from

F(A)onto 1 " (A) defined by the following correspondence:
F'(A)' Fad[F]=F'={x"/xI F}T 17(A).
Theinverseof thisisomorphism from I “(A) onto F " (A)is
defined by the following correspondence:
1'(A)' 1 ad[I]=1={x/xI }T F (A.
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Part |. 4. Strong filters, strong ideals
and congruencerelations

Theorem 5. Let C(A) bethe complete | attice of
congruencerelationsof A.Thenthereexistsan

isomorphism from C(A) onto F " (A) defined by
the following correspondence:

C(A)' Ra f(R) =F,1 F'(A),
where F, = {xI A/xRl}isthestrong filter of A
associated with the congruencerelation R.



http://www.docu-track.com/index.php?page=38
http://www.docu-track.com/index.php?page=38

Part |. 5. Strong filters, strong ideals
and congruencerelations

Theinverseof the previouscorrespondenceisdefined by
F'(A' FaRl1 C(A),

with R. representing thecongruencerelation of Aassociated

with F suchthat xR yif and onlyif e(x,y)1 F,where

e: A" A® VAisabinary operationon Acalled the equivalence
function on A expressed by

e(X,y) =V(x® y)U(y® x)U(x" ® y*)U(y" ® x°)]
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Part |. 6. Strong filters, strong ideals
and congruencerelations

Adandard duality prinapleistrueinthetheory of

Invol utive Brouwerian D - algeboras. The two notions of
grong filter and srong ideal aredual onetoancther.

Onthisbagsit followsthat fromthestudy of strong filters

oheobtalnscorresponding dual results for srong ideals.
For exanple we presant thedual of Theoremb.
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Part |. 7. Strong filters, strong ideals
and congruencerelations

Theorem 5°. Let Abeaninvolutive Brouwerian D - algebra.
Thenthereexists an isomorphism from the complete lattice

C(A) of congruencesrelationsof A onto 1 (A) defined by
the following correspondence:
C(A)' Rai(R) =I,1 17(A),
wherel = {xI A/xR0}isthestrongideal of A
associated withthe congruencerelation R.
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Part |. 7. Strong filters, strong ideals
and congruencerelations

Theinverseof the previouscorrespondenceisdefined by
1'(A)' | aRT1 C(A),

with R representing the congruenceredation on A associated

with | suchthat xR yif and onlyif d(x, y)T I,where

d: A" A® fAisabinary operationon Acalled thedistance

function on A expressed by

d(x y) = f[(x4 ) U(y4 ) U< 4 y) Oy 4 x9)].
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Part |l. 1. Motivations

1. Algebraic study of the Kolmogorov logic
of problem solving

2. Development of real graded membership
spacesin fuzzy set theory
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Part 11. 2. On the Kolmogorov
logic of problem solving

o Propositional intuitionistic . _
logic expresses the logical pU@pisnot alogical law

laws of positive solution of positive solution
(Heyting algebra)

o Dual propositional
Intuitionistic logic expresses _ _
the logical laws of negative ~ Of negative solution
solution (Brouwer algebra)

pUdpisnot alogical law
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Part |1. 3. Starting point: known real
graded member ship spaces

o Support set: real unit interval [O, 1]

o Basic operations. meet, join, algebraic
product, bounded sum, implications
(GOdéel, probabilistic, Zukasiewicz)

o Basic structure: residuated commutative
monoid
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e
Part |1. 4. To combine different specific
commutative resduated structures

o Resduated commutative monoid:

(A %/,£,1), where
- (A,%£,1) isan ordered commutative monoid,
.yl x=max{zl Alxxz£ y}.

o Dual residuated commutative monoid:

(A +,\,£,0), where
- (A, +,£,0) iIsan ordered commutative monoid,
- x\y=min{zl A/XE z+V}.
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Part |1. 5. Postive axioms schemata
[ propositional intuitionistic logic]

1)a® (b® a)

2) (a® (b® c))® (a® b)® (a® c))
3) (a® Pa)® Da

4)a® (Ga® b)

5 a® (b® (aUb))

6) (aUb)® a

7) (aUb)® b

8) a® (aUb)

9) b® (aUb)

10) (a® c)® (b® c)® ((aUb) ® c))



http://www.docu-track.com/index.php?page=38
http://www.docu-track.com/index.php?page=38

~ X A ~ XCHA
5 (CHA/ 3 5 XCHAY
S S
S, £
<4 S
g ;,\0 g »\0 )y
S S 4 y
g < 5
90 1rack s

Part |1. 6. Negative axioms schemata
[dual propositional intuitionistic logic]

1°) (a4 b)4 a

2°) ((c4a)4 (b4 a)4 ((cHb)4a)

3’) Da 4 (Da+ a)

4) (b4 Da) 4 a

5°) ((aUb) 4 b) 4 a

6°) a%(an)

7°) b%(an)

8°) (an)%a

9°) (an)%b

10°) ((c4 (aUb)) 4 (c4 b)) 4 (c4 a)
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b . . I
I

va V(a4 b) Da
S e nea " gaeb " a® (bsb)
fa f(a® b) @a
A o) " gasn) P pe bsa
a (a® by’ (aUb)?
[rsﬂ? ) b’ 4 a ('S0 b’ Ua“
a® b

s10
[rs10] va® b


http://www.docu-track.com/index.php?page=38
http://www.docu-track.com/index.php?page=38

~ XCHA " - XCHAp,
<O’ - \’V(,-{ 9% VG
N S
) O
S &
»\0‘ S
g « AL A
o, o
< @
70 -1ras 90 -1rac

Part Il. 8. Inferencerules

Pogsitive inferencerule
a,a® b

[MP]

Negative inferencerule

[MT]b%&a
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Part 11. 9. Provability relations

A formula piscalled a postivelogical law (negativelogical law)
If and onlyif thereexistsa syntactical proof of p from postive
(negative) axioms schemata ug ng the substitution rules|rsl]-[rs10]

and the positive (negative) inferencerule[MP] ([MT])).

Wewill denoteby €* p theaffirmation that the formula p

Isa pogtivelogical lawand by & p theaffirmation that
the formula pisanegativelogical law.
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Part |1. 10. Equivalence of formulas

Definethe following two binary rdation® ™ and ©~ on
thesat P of propostional formulas, for all a,bl P,

a®” bif andonlyif & ea,b),

a®” bif andonlyif & d(a,b),
wherethe formulase(a,b),d(a,b)] P aredefined by
e(a,b)=v((a® b)U(b® a)U(a" ® b*)U((b" ® a“)),
d(a,b)=f ((a4 b)U(b4 a)U@” 4 b")U(b" 4 a%)).
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Part I1. 11. Tarski-Lindenbaum algebras

Theorem 6. Therdation® " isan equivalencereation on

the set P and thequotient set P/ ° ™ isan involutive Brouwerian
D-algebra satisfying[p].. =1if and onlyif &" p.

Theorem 6°. Therdation®” isan equivalencerdation on
the st P and thequotient set P/ 2" isan involutive Brouwerian

D-algebra satisfying[p].. =0if andonlyif & p.

P/°" and P/° arecalled Tarski-Lindenbaum algebras.
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Part 11. 12. A completeness theorem

Using the two previouos propertiesone obtains,

Theorem 7. For any formula pl P,é* pif and onlyif &* p,

whereé” istherelation of universal validity of propositional
formulasof P over theclass 1Br(nf).

Theorem 7°. For any formula pl P,& pif andonlyif & p,

where & istherdation of universal invalidity of propositional
formulasof P over theclass 1Br(nf).
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Part I11. 1. Concluding remarks

e |nvolutive Brouwerian D-algebras represent the
algebraic counterpart of a propositional symbolic
logic of decision problem solving.

A modal interpretation can be considered using the

three unary operators.
vV: A® A(necessity operator),

f . A® A(posshility operator),
@: A® A (impossibility operator).
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Part I11. 2. Concluding remarks

e An interesting case for a modal interpretation can

be considered using a subclass of involutive
Brouwerian D-algebras A satisfying:

(x® YU(y® x)=1, " x,yl A.
Thisreation iseguivalent with the condition that

visaninterior operator and f isa closure operator
of theunderlying lattice L(A) =(A,U,U,0,1).
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Part |11. 3. Concluding remarks

- The propertiesof the pair (e,d) areof interest
In order to identify mathematical models for the

development of first-order logic.
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Part I11. 4. Concluding remarks

. The functione: A" A® VA satidfies for all x,y,zl A
el) e(x,y)=1if andonlyif x=y(reflexivity),
e2) (X, y) =€&(Y, X) (symmetry),
e3) Vie(X, y)Udy, 2)] £ &(X, 2) (trangtivty).
- If Xisanonempty s&t thena functione: X” X ® VA
satisying therdationsel), e2) and e€3), for all x,y,zl X,
Iscalled an equivalencevA- functionon X.
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Part I11. 5. Concluding remarks

. The functiond: A" A® fAsdtidfies for all x,y,zl A

d1)d(x,y) =0if andonlyif x=y (dual reflexivity)

d2) d(x, y) =d(y, x) (dual symmetry),

d3) d(x,2) £ f[d(x, y) Ud(y, 2)] (dua trangtivity).

. If X isanonempty st thena functiond: X~ X ® fA
satisfying therdationsdl), d2) and d3), for al x,y,zl X,
iscalled adigance f A-functionon X.
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Part |11. 6. Concluding remarks

. The functionseand d are A-complementaryi.e” x,yl A,

c1)d(x, y) =[e(x, y)]°,
c2)\ve(x, y) Ud(x, y)] =0,
c3) fle(x, y)Ud(x, y)] =1
- If X isanonempty st then the functionse: X~ X ® VA
andd: X~ X ® fAarecalled A-complementaryif the
relationscl), c2) and c3) had, for all x,yl X.
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Part I11. 7. Concluding remarks

- Adevelopment of first - order logic can bebased on
the follomng natural notion of generalized set over a
complete involutive Brouwerian D - algebra A
- An A-st isatriple X =(X,e,d), such that
1) e: X” X ® vAisanequivalencevA-functionon X,

2)d: X~ X® fAisadistance f A-functionon X,
3) eand d are A-complementary.
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1. Futureresearch

® Development of the algebraic study
INn connection with the Logic of
Tasks and the Computability Logic

@ [Artemov, S. work and recent
papersJaparidze, G., Annals of
Pure and Applied Logic 117 (2002)
261-293; 123 (2003) 1-99].
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2. Futureresearch

® El|aboration of first-order double
mathematical structures over the
real unit square.

® [Possihilistic Logicusing a
combination of the two structures
Involutive Brouwerian D-algebra
and MV-algebra].
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3. Futureresearch

® Physical interpretation of
the structure of involutive
Brouwerian D-algebras
IN connection with the
Moisi| view on involutive
Boolean algebrasin the
study of circuits.
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