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Introduction

Relatively pseudocomplemented lattices and semilattices play
an important role in the investigation of intuitionistic logics and
their reducts. They were intensively studied by G.T. Jones. The
operation of relative pseudocomplementation serves as an
algebraic counterpart of the intuitionistic connective implication.
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Introduction

Introduction

Relatively pseudocomplemented lattices and semilattices play
an important role in the investigation of intuitionistic logics and
their reducts. They were intensively studied by G.T. Jones. The
operation of relative pseudocomplementation serves as an
algebraic counterpart of the intuitionistic connective implication.

To investigate some more general algebraic systems connected
with non-classical logic (as e.g. BCK-algebras, BCl-algebras,
etc.), we often study ordered sets which are not necessarily
semilattices. However, a bit weaker structure was introduced by
J. JeZek and R. Quackenbush as follows.
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Directoids

By a directoid is meant a groupoid D = (D; M) satisfying
identities

(D1) xMx = x,
(D2) xMy =ynNx,
(D3) xN((xNy)nz)=(xny)nz.
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Introduction

Directoids are partially ordered sets

Every directoid D = (D; M) can be converted into an ordered
set (D; <) via
X<y < xnNy=x.

Chajda, Kolafik, Svréek Properties of relatively pseudocomplemented directoids



Introduction

Directoids are partially ordered sets

Every directoid D = (D; M) can be converted into an ordered
set (D; <) via
X<y < xnNy=x.

Every downward directed ordered set (D; <) can be organized
into a directoid taking

Chajda, Kolafik, Svréek Properties of relatively pseudocomplemented directoids



Introduction

Directoids are partially ordered sets

Every directoid D = (D; M) can be converted into an ordered
set (D; <) via
X<y < xnNy=x.

Every downward directed ordered set (D; <) can be organized
into a directoid taking

xNy=ynxelxy) <= x|y,
XMy=ynx=x = x<y.
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Relative pseudocomplementation on semilattices

Let (S; A) be a A-semilattice, a, b € S. By a relative
pseudocomplement of a with respect to b in S we mean the
greatest element among x € S satisfying

anx<b.
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Introduction

Relative pseudocomplementation on semilattices

Let (S; A) be a A-semilattice, a, b € S. By a relative
pseudocomplement of a with respect to b in S we mean the
greatest element among x € S satisfying

anx<b.

Or equivalently (But only if it exists!), a x b is the greatest
element among x € S satisfying

anx=aAlb.
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Relative pseudocomplementation on semilattices
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Relative pseudocomplementation on semilattices

Ns 1
c
b
a
0
There is a greatest x € Ns withc A x =c A a. J
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Relative pseudocomplementation on semilattices

Ns 1
c
b
a
0
There is a greatest x € Ns withc A x =c A a. J
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Relative pseudocomplementation on semilattices

Ns 1
c
b
a
0
There is a greatest x € Ns withc A x =c A a. J
cxa=
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Relative pseudocomplementation on semilattices

Ns 1
c
b
a
0
There is a greatest x € Ns withc A x =c A a.
¢ x a does not exist. J
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Analogy for directoids?
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Analogy for directoids?

In general,
X<y # xNz<ynz
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Analogy for directoids?

In general,
X<y # xNz<ynz

anb arnc

Chajda, Kolafik, Svréek Properties of relatively pseudocomplemented directoids



Introduction

Analogy for directoids?

In general,
X<y # xMNz<ynz.
D : 1 There is the greatest x € D
c such that amn x < b.
a b
anb arc
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Introduction

Analogy for directoids?

In general,
X<y # xMNz<ynz.
D : 1 There is the greatest x € D
c suchthatamx < b.
a b
But c is not the greatest x € D
suchthatamx =anh.
anb arnc
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Relative pseudocomplementation on directoids
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Relative pseudocomplementation on directoids

Definition (by I. Chajda)

Let D = (D; M) be a directoid and a, b € D. An element x is
called a relative pseudocomplement of a with respect to b if it is
a greatest element of D such that

arix=anha.

It is denoted by a x b.
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Introduction

Relative pseudocomplementation on directoids

Definition (by I. Chajda)

Let D = (D; M) be a directoid and a, b € D. An element x is
called a relative pseudocomplement of a with respect to b if it is
a greatest element of D such that

arix=anha.

It is denoted by a x b.

A directoid D is relatively pseudocomplemented if there exists
ax bforevery a,be D.
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Identities characterizing relative
pseudocomplementation on directoids

Let (D; M) be a directoid and « a binary operation on D. Then
D = (D;n, x) is a relatively pseudocomplemented directoid if
and only if it satisfies the following identities

(S1) xN(xxy)=xny
(82) (xxy)ny =y
(S8) xxy=xx(xMy)
(S4)

XxX=Yyxy.
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Axiom system of RPCD
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Axiom system of RPCD

Theorem

Let D = (D; M, %) be an algebra with two binary operations.
Then D is a relatively pseudocomplemented directoid if and
only if it satisfies the identities (D2), (D3), (S1), (S2) and (S3),

ie.

(D2) xMy=ynx,
(D3) XN ((xMy)Nz)=(xNy)nz
(S1) xM(xxy)=xnNy,
(S2) (x*xy)ny=y,
(S8) xxy=xx(xMy).

The identities (D2), (D3), (S1), (S2) and (S3) are independent.
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Relative pseudocomplement as a residuum

Adjointness property for RPCD
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Adjointness property for RPCD

In relatively pseudocomplemented A-semilattices,
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Adjointness property for RPCD

In relatively pseudocomplemented A-semilattices,

anx<b < x<axb. (APS)
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Adjointness property for RPCD

In relatively pseudocomplemented A-semilattices,

anx<b < x<axb. (APS)

In relatively pseudocomplemented directoids,
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

In relatively pseudocomplemented A-semilattices,

anx<b < x<axb. (APS)

In relatively pseudocomplemented directoids,

anx=anb = x<axb, (N
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

In relatively pseudocomplemented A-semilattices,

anx<b < x<axb. (APS)

In relatively pseudocomplemented directoids,

anx=anb = x<axb, (N

but not converselly in general.
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Relative pseudocomplement as a residuum

Adjointness property for RPCD
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

DisRPCD and ax b =
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

DisRPCD and ax b =d.
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

DisRPCD and ax b =d. Then x < ax b,
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

DisRPCDandaxb=4d. Thenx < axb,butamnx = anhb.
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Adjointness property for RPCD
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

So the right hand side of (/) must be completed to obtain a
condition in the form of an equivalence.
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

So the right hand side of (/) must be completed to obtain a
condition in the form of an equivalence. \

Theorem
Let (D; ) be a directoid and « be a binary operation on D.
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

So the right hand side of (/) must be completed to obtain a
condition in the form of an equivalence. \

Theorem

Let (D; M) be a directoid and = be a binary operation on D.
Then D = (D; 1, x) is a relatively pseudocomplemented
directoid if and only if the following adjointness property holds
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Relative pseudocomplement as a residuum

Adjointness property for RPCD

So the right hand side of (/) must be completed to obtain a
condition in the form of an equivalence.

Let (D; M) be a directoid and = be a binary operation on D.
Then D = (D; 1, x) is a relatively pseudocomplemented
directoid if and only if the following adjointness property holds

anx=anb iff x<axb and ar(axb)=anx. (APD)
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Congruence properties

Variety of RPCD is CD

ajda, Kolafik, Svréek Properties of relatively pseudocomplemented directoids



Congruence properties

Variety of RPCD is CD

The terms

b(x,y,2) = X

t(x,y,2) = x1[((zxy) 1 (xx2))* (x*xy)],
b(x,y,z) = xN(yx2),

(x,y,2) = z0[((z*x)« (xxy)) * (z* y)],
(x,y,z) = z
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Congruence properties

Variety of RPCD is CD

The terms

(x,y,2) = x,

ti(x,y,2) = x0[((z*y)N(x*2z))=*(x*y)],
b(x,y,z) = XxT(y=x2),

(x,y,z) = zN[(z*x)*(x*y))=*(z*y)],
u(x,y,z) = z

are Jonsson terms proving congruence distributivity of the
variety of relatively pseudocomplemented directoids.
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Congruence properties

Variety of RPCD is WR and C3-P
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Congruence properties

Variety of RPCD is WR and C3-P

Variety of RPCD is weakly regular
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Congruence properties

Variety of RPCD is WR and C3-P

Variety of RPCD is weakly regular

r(x,y) = (x*y)n(y*x)
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Congruence properties

Variety of RPCD is WR and C3-P

Variety of RPCD is weakly regular

r(x,y) = (x*y)n(y*x)

and congruence 3-permutable
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Congruence properties

Variety of RPCD is WR and C3-P

Variety of RPCD is weakly regular

r(x,y) = (x*y)n(y*x)

and congruence 3-permutable

po(X.y,2) = X,
pi(x,y,z) = xn(yx*2),
p2(x.y,z) = zn(y=*Xx),
ps(x,y,z) = z.
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Congruence properties

The question of CP for the variety V of RPCD
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The question of CP for the variety V of RPCD

@ The problem is open.
@ We are able to find proper subvarieties of V which are CP.
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Congruence properties

The question of CP for the variety V of RPCD

@ The problem is open.
@ We are able to find proper subvarieties of V which are CP.

@ The variety R of relatively pseudocomplemented
semilattices.
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Congruence properties

The question of CP for the variety V of RPCD

@ The problem is open.
@ We are able to find proper subvarieties of V which are CP.

@ The variety R of relatively pseudocomplemented
semilattices.

@ W ... relatively pseudocomplemented directoids satisfying
the identity

((xxy)*y)Mx=x (7)
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Congruence properties
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Congruence properties

Let (D; M, ) be a relatively pseudocomplemented directoid,
where D = {0, ¢, a, b,1} and 1, « are defined by the following
Hasse diagram and the table:
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Congruence properties

Let (D; M, ) be a relatively pseudocomplemented directoid,
where D = {0, ¢, a, b,1} and 1, « are defined by the following
Hasse diagram and the table:

1 *x| 0 ¢c a b 1
o1 1 1 1 1
a b c|/0 1 1 1 A1
al'b c 1 b 1
Y bla ¢c a 1 1
110 ¢ a b 1
O=anb
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Congruence properties

Let (D; M, ) be a relatively pseudocomplemented directoid,
where D = {0, ¢, a, b,1} and 1, « are defined by the following
Hasse diagram and the table:
1 «x|0 ¢ a b 1
o1 1 1 1 1
a b c/0 1 1 1 1
alb c 1 b 1
¢ bla ¢c a 1 1
110 ¢ a b 1
O0=anb
(D;M, %) e W,
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Congruence properties

Let (D; M, ) be a relatively pseudocomplemented directoid,
where D = {0, ¢, a, b,1} and 1, « are defined by the following
Hasse diagram and the table:

1 *x| 0 ¢c a b 1
o1 1 1 1 1
a b c|/0 1 1 1 A1
al'b c 1 b 1
Y bla ¢c a 1 1
110 ¢ a b 1
O=anb

(D;n, %) € W, but (D;1,%) ¢ Rsinceanb=c#anhbh.
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Congruence properties

axb=d

c=arllx

O=amnb=and

Dey,
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Congruence properties

axb=d

c=arllx

O=amnb=and

DeV,but(axb)xb=dxb=>b# a,
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Congruence properties

axb=d

c=arllx

O=amnb=and

DeV,but(axb)xb=dxb=b%asoD¢W
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Congruence properties

The variety W is CP
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Congruence properties

The variety W is CP

The variety W of the RCPD satisfying (T) is congruence
permutable and
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Congruence properties

The variety W is CP

Theorem

The variety W of the RCPD satisfying (T) is congruence
permutable and

p(x,y,2) = ((xxy)*2) M ((Z*y) * X)

is its Maltsev term.
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Congruence properties

Subdirectly irreducible members of V
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Congruence properties

Subdirectly irreducible members of V

e Dd1...

Chajda, Kolafik, Svréek Properties of relatively pseudocomplemented directoids



Congruence properties

Subdirectly irreducible members of V

@ D@1 ... the directoid constructed from a directoid D with
a greatest element g by adding a new greatest element 1
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Congruence properties

Subdirectly irreducible members of V

@ D@1 ... the directoid constructed from a directoid D with
a greatest element g by adding a new greatest element 1

o If Dis a RPCD then also
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Congruence properties

Subdirectly irreducible members of V

@ D@1 ... the directoid constructed from a directoid D with
a greatest element g by adding a new greatest element 1

@ If Disa RPCD then also D @ 1 is.
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Congruence properties

Subdirectly irreducible members of V

@ D@1 ... the directoid constructed from a directoid D with
a greatest element g by adding a new greatest element 1

@ If Disa RPCD then also D @ 1 is.

For any relatively pseudocomplemented directoid D, the
directoid D & 1 is a subdirectly irreducible member of V.
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Congruence properties

Subdirectly irreducible members of V

@ D@1 ... the directoid constructed from a directoid D with
a greatest element g by adding a new greatest element 1

@ If Disa RPCD then also D @ 1 is.

For any relatively pseudocomplemented directoid D, the
directoid D & 1 is a subdirectly irreducible member of V.

Corollary

Every finite chain considered as a RPCD is subdirectly
irreducible.
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Congruence properties

Are there any other SI members in V?
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Congruence properties

Are there any other SI members in V?

0

Two non-trivial (congruence) partitions:
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Congruence properties

Are there any other SI members in V?

0

Two non-trivial (congruence) partitions:

@ m = {{O,b},{a},{c,1}}
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Congruence properties

Are there any other SI members in V?

0

Two non-trivial (congruence) partitions:
@ T = {{Oa b}7 {3}7 {C7 1 }}
@ = {{Oa b}7 {av C, 1}}
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