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Lattices with additional operations: algebraic semantics for
several logics

For substructural logics, lattice reducts are not necessarily
distributive, e.g. residuated lattices, BL algebras, ...
(Extended) dualities can yield set-based semantics, e.g.:

e CABA® =~ Set ~> Kripke frames

o BA® ~ Stone v general / topological frames

o DLat’® ~ Priestley ~v ordered topological frames
o PLat®® ~ RSFr ~» RS frames / formal contexts

Goal: Reconsider topological duality for arbitrary lattices in
the light of the developments of canonical extension.
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Distributive lattices

D a distributive lattice.

Dual space X(D) of prime filters with topology generated
by taking as a basis of opens

a:={xeX(D):aex}, (acD).

The collection of upsets of X(D) with respect to the
inclusion order yields a complete lattice which we denote
by D°.

The lattice D is called canonical extension of D.

The canonical extension can be captured by purely
lattice-theoretic properties (without referring to the duality):
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Theorem
Any lattice L can be embedded in a complete lattice L’ in a

dense and compact way:
e (dense) The lattice L both \/ \-generates and
A \/-generates L°,

e (compact) If S, TC L and NS <\/ TinL?, then there
exist finite S’ € S, T C T suchthat A\S" <\/ T'inL.
Moreover, the completion L° is the unique dense and compact

completion of L up to isomorphism.
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For any reduced and separated frame F = (X, Y, R), we
have a Galois connection

¢ PX) S PY)*®: ()

The lattice FT of Galois-stable sets is always perfect:
complete, \/-generated by J*(F*) and /\-generated by
M>(FT).
One-to-one correspondence between perfect lattices and
RS frames.
Plan for general lattice duality:
e Embed an arbitrary lattice L into its canonical extension
L%, which is perfect (1),
 Topologize the RS frame corresponding to L° to represent
the original lattice L.
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Theorem (Hartung (1992))

The lattice L is isomorphic to the lattice of doubly closed,
Galois-stable subsets of X (or Y).

e Hartung also characterized the topological frames arising
as duals of lattices
e However, the spaces X (and Y) do not have nice
topological properties:
¢ X need not be sober,
¢ In X, intersection of compact opens may not be compact,
e In particular, the sobrification of X may not be a spectral
space.
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e Here, LS =1L, (L") =L,
e X =N = X, where

e topology on X, (and X|-) is generated by taking singletons

to be closed: cofinite topology (not sober).
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topological properties:
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The sobrification of X (and of Y) may not be a spectral
space.

On the other hand, by Hartung’s results, a lattice L is
represented by the bases of the spaces X and Y, which
are distributive lattices.

We now investigate an approach to topological duality for
lattices which makes the connection to distributive lattices
explicit.
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e In particular, L embeds in £(X) and P(Y) via () and ().
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PY)e® of P(X) and P(Y)°P generated
by L and L.

e Note: D*(L) and DY(L) are
bases for closed sets of X, and
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A finite subset M C L is join-admissible if, for all a € L,

a/\\/M: \/a/\m.

Theorem A
The extension () : L — D”(L) is the free distributive meet- and
admissible-join-preserving extension of L:

¥
B

The dual statement holds for DY (L).
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Definition (cf. Bruns & Lakser (1970))
A subset A C L is called an a-ideal if
e A is downward closed,
e For any join-admissible M C A, \/ M € A.

Theorem

The poset of finitely generated a-ideals, ordered by inclusion, is

isomorphic to D*(L) as a (A, aV)-extension.
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A lattice L can now be minimally presented by
()*: D" (L) s DY(L): ()f
Dually, we get spectral spaces Xs and Ys, with a relation

Rs between them.

We can describe the points of Xs in terms of L as
admissible-join-prime filters,

The space X embeds into Xg, and Y embeds into Ys.
There is more to be said (not here), using uniform spaces.
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e e Iff: L — Ma A-homomorphism, let £ : L% — M’ its
Borphisms canonical extension.

e Then f° is a /\-homomorphism, so let g : M® — L% its
lower adjoint.

Prop. f°is a \/-homomorphism < g sends J*(M?) to J~(L%).

e Thus, if f is a lattice homomorphism, g restricts to a
function J*(M°) — J*(L°): the usual dual morphism of f.

e For arbitrary lattices, the Proposition may fail to hold.
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For arbitrary lattices, we do have, for g : M® < L9 : f9:
Prop. fis a \/-homomorphism <= forall x € X:

Ifg(x)g\/TthenVye Yst.xgy:
Ix, e X, t, € T: x, £ yand g(x,) < ty.

e Duals of general lattice homomorphisms: given by
relations rather than functions.
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e Topological duality for arbitrary lattices can be easily
described using the canonical extension.

e Because the spaces are not well-behaved, we are led to

consider other options ~» distributive envelope of a lattice.

e General morphisms remain hard to handle, but the
canonical extension perspective allows for the use of
correspondence methods.
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¢ Applications to obtain topological semantics for
substructural logics which are not Kripke-complete.
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