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PAL

The simplest dynamic epistemic logic. )

Language

pu=peAProp | —p |V Op | (a)e.

Q (v)p < (aAp)

Q (V)¢ & (a A ~(a)p)

Q (@)(pVy) o ((adg VW)
Q (0)0¢ & (a A O(a Ala)yp)).
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PAL

The simplest dynamic epistemic logic. J

Language

pu=peAProp | —p |V Op | (a)e.

Q (v)p < (aAp)

Q (V)¢ & (a A ~(a)p)

Q (@)(pVy) o ((adg VW)
Q (0)0¢ & (a A O(a Ala)yp)).

Not amenable to a standard algebraic treatment. )
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Semantics of PAL

PAL-models are S5 Kripke models: M = (W, R, V) J

M, w IF (@) iff M,wira and M* wi- o, J

Relativized model
M* = (W<, R®, V):
o W =[]y,
@ RY=Rn(W*x W),
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Semantics of PAL

PAL-models are S5 Kripke models: M = (W, R, V) J

M, w IF (@) iff M,wira and M* wi- o, J

Relativized model

M® = (W<, R®, V):
° W = [a]y,
e R* =R n (W x W),
o V*(p) = V(p)n W
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@ Dualize epistemic update on Kripke models to epistemic
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Methodology based on duality theory:

@ Dualize epistemic update on Kripke models to epistemic
update on algebras.

@ Generalize epistemic update on algebras to much wider
classes of algebras.

@ Dualize back to relational models for non classically based
logics.
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Algebraic models

An algebraic model is a tuple M = (A, V) s.t. A is a monadic
Heyting algebra and V : AtProp — A. J
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Algebraic models

An algebraic model is a tuple M = (A, V) s.t. A is a monadic
Heyting algebra and V : AtProp — A.

For every A and every a € A, define the equivalence relation =:
for every b, c € A,

b=;c iff bAa=cAa.
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Algebraic models

An algebraic model is a tuple M = (A, V) s.t. A is a monadic
Heyting algebra and V : AtProp — A.

For every A and every a € A, define the equivalence relation =:
for every b, c € A,

b=;c iff bAa=cAa.

Let [b]a be the equivalence class of b € A. Let
A% = A=,

A% is ordered: [b] < [c] iff b’ <4 ¢’ for some b’ € [b] and some
¢’ €c].
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Algebraic models

An algebraic model is a tuple M = (A, V) s.t. A is a monadic
Heyting algebra and V : AtProp — A.

For every A and every a € A, define the equivalence relation =:
for every b, c € A,

b=,c iff bAa=cAa.

Let [b]a be the equivalence class of b € A. Let
A% = A/=,
A% is ordered: [b] < [c] iff b’ <4 ¢’ for some b’ € [b] and some

¢’ €c].
Let 75 : A — A? be the canonical projection.
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Properties of the (pseudo)-congruence
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@ =, is a congruence if A isa BA/HA/BDL / Fr.
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For every A and every a € A,
@ =, is a congruence if Aisa BA/HA/BDL/ Fr.
@ =, is not a congruence w.r.t. modal operators.

@ Forevery b € A there exists a unique ¢ € A s.t. ¢ € [b]; and
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Properties of the (pseudo)-congruence

For every A and every a € A,
@ =, is a congruence if Aisa BA/HA/BDL/ Fr.
@ =, is not a congruence w.r.t. modal operators.

@ Forevery b € A there exists a unique ¢ € A s.t. ¢ € [b]; and
c<a.

Crucial remark

Each =;-equivalence class has a canonical representant. Hence,
the map i’ : A% — A given by [b] — b A a is injective.
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Modalities of the pseudo-quotient

Let (A, ©,0) be a HAO. Define for every b € A,
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Modalities of the pseudo-quotient

Let (A, ©,0) be a HAO. Define for every b € A,
OA[b] :=[¢(b A @) A a] = [O(b A a)].

o?[b] := [a — o(a — b)] = [o(a — b)].
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Let (A, ©,0) be a HAO. Define for every b € A,
OA[b] :=[¢(b A @) A a] = [O(b A a)].

o?[b] := [a — o(a — b)] = [o(a — b)].
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Modalities of the pseudo-quotient

Let (A, ©,0) be a HAO. Define for every b € A,
OA[b] :=[¢(b A @) A a] = [O(b A a)].

o?[b] := [a — o(a — b)] = [o(a — b)].

For every HAO (A, ¢,0O) and every a € A,
@ ¢4, 02 are normal modal operators.
o If (A,¢,O)is an MHA, then (A%, 02, &) is an MHA.
o If A = F+ for some Kripke frame ¥, then A2 =gao F2 .
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Interpreting dynamic modalities in algebraic models
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Interpreting dynamic modalities in algebraic models

Leti: M¥ — M.
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Interpreting dynamic modalities in algebraic models

Let i : M* — M. The satisfaction condition
M,wik{a)yp iff Mwiraand M*, w i ¢:

can be equivalently written as follows:
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Interpreting dynamic modalities in algebraic models

Let i : M* — M. The satisfaction condition
M,wik{a)yp iff Mwiraand M*, w i ¢:
can be equivalently written as follows:

we [(a)e]y iff AW e Wst i(w') =w e [e],, and w’ € [¢] -
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Interpreting dynamic modalities in algebraic models

Leti: M* — M. The satisfaction condition

M,wik{a)yp iff Mwiraand M*, w i ¢:
can be equivalently written as follows:
we [(a)e]y iff AW e Wst i(w') =w e [e],, and w’ € [¢] -
Because i : M* — M is injective, then

woelely it w=iw) e illely).
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Interpreting dynamic modalities in algebraic models

Leti: M* — M. The satisfaction condition
M,wik{a)yp iff Mwiraand M*, w i ¢:
can be equivalently written as follows:
we [(a)e]y iff AW e Wst i(w') =w e [e],, and w’ € [¢] -
Because i : M* — M is injective, then
w e el it w=i(w)eillely)

Hence:
we [Kayely ittt we o]y nille]yel,
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Interpreting dynamic modalities in algebraic models

Leti: M* — M. The satisfaction condition

M,wik{a)yp iff Mwiraand M*, w i ¢:
can be equivalently written as follows:
we [(a)e]y iff AW e Wst i(w') =w e [e],, and w’ € [¢] -
Because i : M* — M is injective, then

woelely it w=iw) e illely).

Hence:
w e [Kadgly, iff we ]y Nillelyel
from which we get

()¢l = ledm N illelme] = [l 0 7 ([ele)- (1)
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Interpreting dynamic modalities in algebraic models

For every algebraic model M = (A, V), the extension map
[-1y : Fm — A'is defined recursively as follows:
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Interpreting dynamic modalities in algebraic models

For every algebraic model M = (A, V), the extension map
[-1y : Fm — A'is defined recursively as follows:

[eln
[1ly =
[Ty
eV ¥ly
e A ¥ln
[ — ¥l
[Cely =
[Oely =
Kayely =
[lelely =

V(p)

LA

TA

[l v [l
[elm A* ¥l
[ely -4 [l
o4l

DA[[‘P]]M

[l A% 7 (el )
[alw —* 7 ([e]e)
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Interpreting dynamic modalities in algebraic models

For every algebraic model M = (A, V), the extension map
[-1y : Fm — A'is defined recursively as follows:

[eln
[L]y
[Ty
eV ¥ly
e A ¥ln
[ — ¥l
[Celn
[oely
[Ke)¢l
[lelelm

V(p)

LA

TA

[l v [l
[elm A* ¥l
[ely -4 [l
o4l

DA[[‘P]]M

[l A% 7 (el )
[alw —* 7 ([e]e)

M® .= (A%, V®) s.t. A” = Allw and V@ : AtProp — A%is o V, i.e.
[Ple = V¥ (p) = =(V(p)) = n([p]w) for every p.

Minghui Ma, Alessandra Palmigiano, Mehrnoosh Sadrzadeh

Algebraic Semantics and Model Completeness for Intuitionistic Public




Intuitionistic PAL

Minghui Ma, Alessandra Palmig| Mehrnoosh Sadrzadeh Algebraic Semantics and Model Completeness for Intuitionistic Publi



Intuitionistic PAL

pu=peAProp | L | T|eVy oAy | — ¢ | Op | Op | (a)e | [a]e.
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Intuitionistic PAL

@ u=pEAProp| LT eV oAy e — ¢ | OplOp | ()] [a]e.
Interaction with logical constants Preservation of facts

()L =1 (@p=aAp

[e]T=T [@lp=a—p

Interaction with disjunction Interaction with conjunction
(@) (e Vy) = (VW (@) (@A) = (@) Alayy

[al(¢ vV ¢) = a = (¢ V(@)y) [@](¢ A ¢) = [alp A faly

Interaction with implication
(@) (¢ = ¥) = a A (o) = (W)
[e](¢p = ¥) = (@) — (@)

Interaction with ¢ Interaction with O
(@)Op = a A O{a)yp (@)Op = a A Oa]e
[@]0p = a — Ola)y [@]op = @ — O[a]e
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@ IPAL is sound w.r.t. algebraic models (A, V).
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@ IPAL is sound w.r.t. algebraic models (A, V).
@ IPAL is complete w.r.t. relational models:
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)
e W s a nonempty set;
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)

e W s a nonempty set;
e <is a partial order on W;
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)

e W s a nonempty set;
e <is a partial order on W;
@ R is an (equivalence) relation on W s.t.

(Ro>)C(20R) (<o0R)c(Ro<) R=(20R)n(Rox);
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)
e W s a nonempty set;
e <is a partial order on W;
@ R is an (equivalence) relation on W s.t.
(Ro>) C (20R) (<0R) € (Rox) R = (20R)N(Rox);
e V(p) is a down-set (or an up-set) of (W, <).
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)

e W s a nonempty set;
e <is a partial order on W;
@ R is an (equivalence) relation on W s.t.

(Ro>)C(20R) (<o0R)c(Ro<) R=(20R)n(Rox);
e V(p) is a down-set (or an up-set) of (W, <).
@ Epistemic updates defined exactly in the same way as in the
Boolean case.
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@ IPAL is sound w.r.t. algebraic models (A, V).
o IPAL is complete w.r.t. relational models: (W, <, R, V)

e W s a nonempty set;
e <is a partial order on W;
@ R is an (equivalence) relation on W s.t.

(Ro>)C(20R) (<o0R)c(Ro<) R=(20R)n(Rox);
e V(p) is a down-set (or an up-set) of (W, <).
@ Epistemic updates defined exactly in the same way as in the
Boolean case.

Work in progress:
Intuitionistic account of Muddy Children Puzzle.
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