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The Main Result

Theorem. The modal logic KD4+KD4 is sound and complete w.r.t. the bi-
topological rational plane OxQ with the horizontal and vertical topologies.
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e The axioms are all classical tautologies, each box satisfies all KD4 axioms
i.e., for each i € {1,2} we have:

(K) Oi(p — q) = (@ip — Lig),
(D) Qip — Gip,
4) ip = 0 sz:

e The rules of inference are: Modus-Ponens, Substitution, Necessitation.




e The axioms are all classical tautologies, each box satisfies all KID4 axioms
i.e., for each 7 € {1,2} we have:

(K) Oi(p — q) — (Qip — Oiq),
(D) O;p — $ip,
(4) O;p — 0,0;p,

e The rules of inference are: Modus-Ponens, Substitution, Necessitation.

Definition 1 The relation R C W x W is:
serial if - (Vz)(Jy)(zRy),
transitive if - (Vx,y, z)(xRy A yRz = zRz).
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SEMANTICS

Definition 1 The relation R C W x W is: Proposition The

is sound and co
all finite, seria

serial if - (Vz)(Jy)(zRy),
transitive if - (Yz,y, z)(xRy A yRz = zRz).
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Definition 1 A set A C Q xQ is horizontally open if with every (z,y) € A there
exists an open interval (x1,x2) C Q such that x € (z1,22) and (z1,22) x{y} € A

A set A C Q x Q 1is vertically open if with every (xz,y) € A there exists an
open interval (y1,y2) C Q such that y € (y1,y2) and {z} X (y1,y2) € A

























DEFINITION 2.6. Suppose X is a topological space, § = (W, R) is a wK4-
frame, and f : X — W is amap. We call f irreflezively discrete, or i-discrete
for short, if f~!(w) is a discrete subspace of X for each irreflexive w € W.
We also call f reflezively dense, or r-dense for short, if f~(w) C dx f~!(w)
for each reflexive w € W. Finally, we call f a d-morphism if (i) f: X — §

is interior, (ii) f is i-discrete, and (iii) f is r-dense.




DEFINITION 2.6. Suppose X is a topological space, § = (W, R) is a wK4-
frame, and f : X — W is amap. We call f irreflezively discrete, or i-discrete
for short, if f~!(w) is a discrete subspace of X for each irreflexive w € W.
We also call f reflezively dense, or r-dense for short, if f~(w) C dx f~*(w)
for each reflexive w € W. Finally, we call f a d-morphism if (i) f: X — §

is interior, (ii) f is i-discrete, and (iii) f is r-dense.

Fact 2 (Gabelaia) If f is a surjective d-morphism from (X, 1) onto (W, R), then
(X,7)IF ¢ (in d-semantics) implies (W, R) I+ ¢ (in Kripke semantics).




Lemma 1. There is a d-morphism from T}, , to Ty,







